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Abstract 

"Ends of hyperbolic 3-manifolds should support canonical Wick rotations, 
so they realize effective interactions of their ending globally hyperbolic 
spacetimes of constant curvature." 

We develop a consistent sector of WR-rescaling theory in 3D gravity, 
that, in particular, concretizes the above guess for many geometrically 
finite manifolds. A4£(IH 2 )-spacetimes are solutions of pure Lorentzian 3D 
gravity encoded by measured geodesic laminations of H 2 , possibly invariant 
by any given discrete, torsion-free subgroup V of PSL{2, R). The rescalings 
which correlate spacetimes of different curvature, as well as the conformal 
Wick rotations towards hyperbolic structures, are directed by the gradient 
of the respective canonical cosmological times, and have universal rescaling 
functions that only depend on their value. We get an insight into the WR- 
rescaling mechanism by studying rays of A4£(H 2 )-spacetimes emanating 
from the static case. In particular, we determine the "derivatives" at the 
starting point of each ray. We point out the tamest behaviour of the 
cocompact V case against the different general one, even when V is of 
cofinite area, but non-cocompact. We analyze broken T -symmetry of AdS 
Al£(H 2 )-spacetimes and related earthquake failure. This helps us to figure 
out the main lines of development in order the achieve a complete WR- 
rescaling theory. 

Keywords: hyperbolic 3-manifold, end, domain of dependence, Wick rotation, 
cosmological time, measured geodesic lamination, bending, earthquake. 
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1 Introduction 



A basic fact of 3- dimensional geometry is that the Ricci tensor determines the Rie- 
mann tensor. This implies that the solutions of pure 3D gravity are the Lorentzian 
or Riemannian 3-manifolds of constant curvature. The sign of the curvature coin- 
cides with the sign of the cosmo logical constant. We stipulate that all manifolds 
are oriented and that the Lorentzian spacetimes are also time- oriented. We could 
also include in the picture the presence of world lines of particles, carrying some 
concentrated singularities of the metric. A typical example is given by the cone 
manifolds of constant curvature with cone locus at some embedded link. The 
cone angles reflect the "mass" of the particles. In the Lorentzian case we also 
require that the world lines are of causal type (see e.g. |Zj(2)). However, in the 
present paper we will confine ourselves to the pure gravity case. 

Sometimes gravity is studied by considering separately its different "sectors" , 
according to the metric signature (Lorentzian or Euclidean), and the sign of the 
cosmological constant. By using the comprehensive term "3D gravity", we would 
suggest to consider it as a unitary body, where different sectors actually interact. 
In that direction, the following is one of our leading ideas: 

"Let Y be any topologically tame hyperbolic 3-manifold. Denote by Y' the man- 
ifold obtained by removing from Y the geodesic core of the Margulis tubes of a 
given thick-thin decomposition of Y (for instance, the one canonically associated 
to the Margulis constant). Assume that Y' is not compact. By hypothesis, Y' 
is homeomorphic to the interior of a compact manifold with boundary, say W, 
and each boundary component of W corresponds to an "end" of Y' . Then the 
ends of Y' should support canonical Wick rotations, so that such a hyperbolic 
"universe" Y concretely realizes an interaction of its ending globally hyperbolic 
Lorentzian spacetimes of constant curvature." 

As an application of the results of the present paper, together with the ones of 
jO], we can concretize this idea at least when Y is geometrically finite, without 
accidental parabolic and with incompressible ends. In fact, jH] is responsible for 
the ends that lie in the thin part of Y, while the present paper is responsible 
for the (parabolic completion of) non-elementary ends of Y itself. At the end of 
this Introduction we outline a few expected features of a complete WR-rescaling 
theory in 3D gravity, that should allow, in particular, to do it for an arbitrary 
tame hyperbolic 3-manifold. This should include also an analysis of the ending 
invariants of hyperbolic 3-manifolds via WR. 

In the series of papers j3] one constructs a family of so called quantum hyper- 
bolic field theories QHFT, that is, roughly speaking, of determined finite dimen- 
sional representations into the tensorial category of complex linear spaces, of a 
(2 + l)-bordism category based on compact oriented 3-manifolds equipped with 
PSL(2, C)-flat bundles. There are evidences that these theories are pertinent 
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to 3D gravity (see also [HJ). Tame hyperbolic 3-manifolds furnish fundamental 
examples of bordisms in this category. Our work on WR also arises from the 
purpose of clarifying their full "classical" 3D gravity content. 

Let us outline the main themes of the paper. 

Models for constant curvature geometry A nice feature of 3D gravity con- 
sists in the fact that we dispose of very explicit (local) models for the manifolds 
of constant curvature, which we usually normalize to be k — or k — ±1. 
In the Riemannian case, these are the models R 3 , § 3 and H 3 of the funda- 
mental 3-dimensional isotropic geometries: flat, spherical and hyperbolic, respec- 
tively. These (in particular the hyperbolic geometry) are the central objects of 
Thurston's geometrization program, which dominates the 3-dimensional geome- 
try and topology on the last decades. For the Lorentzian signature, we have the 
3-dimensional Minkowski, de Sitter and anti de Sitter spacetimes, respectively. 
We shall denote them by X K . Thus we can adopt the very convenient technology 
of (X, Q)-manifolds, i.e. manifolds equipped with (maximal) special atlas (see 
e.g. [2E] or Chapter B of jH] for more details). We recall that X denotes the 
model manifold, Q is the group of isometries of X (which possibly preserve the 
orientation). A special atlas has charts with values onto open sets of X, and 
any change of charts is given by the restriction to each connected component 
of its domain of definition of some element g G Q. For every (X, (?)-manifold 
M, a very general analytic continuation-like construction, gives us pairs {d,h), 
where d : M — > X is a developing map defined on the universal covering of 
M, h : 7Ti(M) — > Q is a holonomy representation of the fundamental group of 
M. Moreover, we can assume that d and h are compatible, that is, for every 
7 G ni(M) we have g?(7(x)) = /i(7)(d(a;)), where we consider the natural action 
of the fundamental group on M, and the action of Q on X, respectively. The 
map d is a local isometry, and it is unique up to post-composition with elements 
g G Q. The holonomy representation h is unique up to conjugation by g. A 
(X, £)-structure on M lifts to a locally isometric structure on M, and these share 
the same developing maps. In many situations it is convenient to consider this 
lifted structure, and keep track of the isometric action of 7Ti(M) on M. This 
technology is very flexible, and applies to the more general situation where Q is 
any group of real analytic transformations of an analytic model manifold X (not 
necessarily a group of isometries). For example, we will consider projective struc- 
tures on surfaces, that are in fact (S 2 ,PSL(2,C))-structures, where S 2 = P\C) 
is the Riemann sphere, and PSL(2,C) is naturally identified with the group of 
complex automorphisms of S 2 . 

Wick rotation This is a very basic procedure for interplaying Riemannian 
and Lorentzian geometry, including the global causal structure of Lorentzian 
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spacetimes. The simplest example applies to IR n+ endowed with both the stan- 
dard Minkowski metric — dx\ + ■ ■ • + dx 2 n _ x + dx 2 n) and the Euclidean metric 
dxQ + ■ ■ ■ + dx 2 n . By definition (see below), these are related via a Wick rotation 
directed by the vector field d/dxo- Sometimes one refers to it as "passing to the 
imaginary time" . More generally we have: 

Definition 1.1 Given a n + 1 smooth manifold Y equipped with a Riemannian 
metric g and a Lorentzian metric h, then we say that g, h are related via a rough 
Wick rotation directed by v, if: 

(1) v is a nowhere vanishing /i-timelike and future directed vector field on Y; 

(2) For every y G Y, the g- and /i-orthogonal spaces to v (y) coincide and we 
denote them by < v(y) > . 

The positive function defined on Y by /3(y) = —\\v(y)\\h/\\v(y)\\ g is called the 
vertical rescaling function of the Wick rotation. 

A Wick rotation is said conformal if there is also a positive horizontal rescaling 
function a such that, for every y G Y, 

h\ <V (y)>-L = u{y)g\<v[ y )>± ■ 

In fact, all metrics g, h as above are canonically related by a rough Wick rotation: 
we use g to identify h to a field of linear automorphisms h y G Aut(TY^), and we 
take as v(y) the field of ^-unitary and /i-future directed eigenvectors of h y , with 
negative eigenvalues. Call v ( 9) h) this canonical vector field associated to the couple 
of metrics (g, h). Any other field v as in Def. 11.11 is of the form v = \v( g ^\, for 
some positive function A. If we fix a nowhere vanishing vector field v, and two 
positive functions a, (3 on Y , then the conformal Wick rotation directed by v 
and with rescaling functions {a,0) establishes a bijection, say W{ v ^ a ), between 
the set of Riemannian metrics on Y, and the set of Lorentzian metrics which have 
v as a timelike, future directed field. In particular, the couple (g,v) encodes part 
of the global causality of h = W {vfi , a) (g). Clearly W^ a) = W^-i^-i). 

From now on we will consider only conformal WR, so we do not longer specify 
it. The couples (g, h) related via a WR, and such that both g and h are solutions 
of pure gravity, are of particular interest, especially when the support manifold 
Y has a non trivial topology. 

Rescaling directed by a vector field This is a simple operation (later sim- 
ply called "rescaling") on metrics, which preserves the signature, and is strictly 
related to the WR. Let k and k' be either Riemannian or Lorentzian metrics on 
Y. Let v be a nowhere vanishing vector field on Y, (a, (3) be rescaling functions 
as in the definition of conformal WR. In the Lorentzian case we assume that v 
is timelike. Then k and k' are related via a rescaling directed by v, with rescaling 
functions (a, /3), if 
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(1) For every y E.Y, the k- and fc'-orthogonal spaces to v(y) coincide and we 
denote them by < v(y) > . 

(2) k' coincides with /3k on the line bundle < v > spanned by v. 

(3) k! coincides with ak on < v >~ L . 

Again, rescalings which relate different solution of pure gravity, possibly with 
different cosmological constant, are of particular interest. 



Canonical cosmological time We refer to pQ for a general and careful treat- 
ment of this matter. Here we limit ourselves to recall that on any arbitrary 
spacetime Y it is defined the so-called cosmological function. Roughly speaking, 
this is the proper time that every event y (zY has been in existence, that is the 
upper bound of the Lorentzian lengths of the past directed causal paths starting 
at y. In general, the cosmological function can be very degenerate (for example, 
on the Minkowski space it is constantly equal to +oo). We say that a spacetime 
has (canonical) cosmological time if the cosmological fuction actually is a global 
time on the spacetime. In such a case, the cosmological time coincides with the 
finite Lorentz distance of every event y from the initial singularity of the space- 
time. This distance is realized as the Lorentzian length of a past directed causal 
curve starting at y, and its past limit point defines a point r(y) on the initial 
singularity. 

.M£(H 2 )-spacetimes An aim of this paper is also to provide a geometric expla- 
nation of the pervasive occurrence of measured geodesic laminations on hyperbolic 
surfaces (see Section |2j) in the study of both hyperbolic 3-manifolds and globally 
hyperbolic (2 + l)-spacetimes of (arbitrary) constant curvature. In fact we have 
placed the space M.OM 2 ) of measured geodesic laminations on the hyperbolic 
plane H 2 (the most general ones indeed) at the centre of our discussion. 

Let us roughly summarize only a few results obtained in the paper. 
Given any measured geodesic lamination A = (£,/i) G M.C(M 2 ), this encodes 
a maximal globally hyperbolic spacetime of constant curvature equal to k, 
for every k = 0, ±1 - by definition they are called Ai C(M 2 )-spacetimes - and a 
hyperbolic 3-manifold M\, all homeomorphic to H 2 x M. We could say that all 
these spacetimes and hyperbolic manifolds are different "materializations" in 3D 
gravity of the same fundamental structure Ai£(M 2 ). In fact we will show that 
there are natural correlations between them, given either by canonical rescalings 
or WR, with universal resettling functions. A delicate point to stress is that this 
happens in fact up to determined C 1 diffeomorphism. Note that any C 1 isometry 
between Riemannian metrics induces at least an isometry of the underlying length 
spaces. In the Lorentzian case, it preserves the global causal structure. 

More precisely we will show the following facts. Each spacetime has canon- 
ical cosmological time, say T£, and they share the same initial singularity. This 
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is a non trivial metric space with a rich geometry "dual" to the geometry of 
the lamination A. For k = 0,-1, the developing map of is an embedding 
onto a convex domain of X K . This does not hold for k — 1 and M A , because 
the corresponding developing map is in general not injective. T° is a C 1 sub- 
mersion and each level surface of T° inherits a complete C 1 Riemannian metric. 
For k = 0, 1, T£ (W") =]0, +oo[, while for « = -1 it is equal to ]0, tt[. We adopt 
the following notations. For every subset X of ]0, +oo[, U£(X) = (T£y\X); for 
every a £ T£(ZY£), U*(a) = U^({a}) denotes the corresponding level surface of 
the cosmological time. Sometimes we will also use the notation U 1 ^ (> a) instead 
of U£([a, +oo[), and so on. Then we will explicitely define: 

1. A canonical rescaling which relates W° to W^ 1 (]0, 7r/2[), such that: 

- it is directed by the gradient of T°; 

- the rescaling functions depend only on the value of T°. This means that 
they are constant on each level surface W°(a) and their value only depends 
on a. We stress that they do not depend on A, so we will call them (as well 
as all the other ones occuring throughout the paper) universal rescaling 
functions; 

- the inverse rescaling satisfies the same properties w.r.t. the cosmological 
time T" 1 restricted to U^QO, tt/2[). 

- the rescaling extends to an identification of the respective initial singular- 
ity. 

2. A canonical rescaling which relates W°(]0, 1[) to such that: 

- it is directed by the gradient of restricted to U x (]0, 1[); 

- the rescaling functions depend only on the value of T°; 

- the inverse rescaling satisfies the same properties w.r.t. the cosmological 
time T^. 

- the rescaling extends to an identification of the respective initial singular- 
ity. 

3. A canonical WR which converts W°(]l, +oo[) into the hyperbolic 3-manifold 
M\ such that: 

- it is directed by the gradient of T°, restricted to W°(]l, +oo[); 

- the rescaling functions depend only on the value of T°. 

- This WR can be transported onto the slab U^Q-k/A, 7r/2[) via the above 
first rescaling. Then the composition of WR with a developing map of M\ 
extends continuously to the boundary of this slab, with values on H 3 = H 3 U 
S^. The initial boundary component W^" 1 (7r/4) corresponds to a complete 
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end of M\ and it is sent in S^. In fact, this is the developing map of 
a asymptotic projective structure on W A " 1 (7r/4), and its intrinsic spacelike 
metric is the Thurston metric for it. The restriction to the final boundary 
component U^ 1 (tt/2) is a locally isometric immersion onto a pleated surface 
in H 3 , having the measured lamination A as bending lamination. Note that 
Wick rotations cut the initial singularity off. 

4. In the projective Klein model, the hyperbolic space H 3 and the de Sitter 
space Xi can be realized as opposite connected components of P 3 (M) \ Q, 
where Q is a suitable quadric. In fact Q realizes the canonical boundary at 
infinity of H 3 . It turns out that the above rescaling on W A (]0, 1[), and 
the WR on +oo[) "fit well" at Q, in the sense that they glue at W°(l) 

and give rise to an immersion of the whole of IA\ in P 3 (1R). 

In the special case when the transverse measure /i of A is equal to zero we say 
that the spacetimes are static. In particular, Li® coincides with the future I + (0) 
of the origin of X , while M\ coincides with an open hyperbolic half-space in H 3 . 
This special case is also characterized by the fact that the initial singularity of 
each spacetime U% consists of one point, and that the cosmological times T K as 
well as the WR or rescalings are real analytic maps. 

T-invariant constructions When the lamination is invariant under the action 
of a given discrete, torsion-free group T of isometries of H 2 , that is when A is the 
pullback of a measured geodesic lamination on the complete hyperbolic surface 
F = H 2 /r, then there is a natural T-invariant version of the above facts. There 
are faithful representations of F onto groups T of isometries of each U£ or M\, 
respectively. The groups T act nicely and give rise to the quotient spacetimes 
U\/T or the hyperbolic 3-manifold M\/Y, all homeomorphic to F x 1. All con- 
structions and structures descend to the quotient spaces. Strictly speaking, these 
spacetimes and hyperbolic manifolds are well defined up to isometry homotopic 
to the identity. We will establish procedures to select representatives in the re- 
spective Teichmuller-like equivalence classes; so we often confuse the class and its 
representative. However, especially in discussing convergence of spacetimes (see 
later), working up to reparametrization becomes an important point. 

Cocompact T-invariant case The case of cocompact groups V is of partic- 
ular interest since Mess's paper [2111 • This case concerns the globally hyperbolic 
spacetimes homeomorphic to S x R, for some compact surface S of genus g > 2, 
that have been intensively investigated also in the physics literature (see for in- 
stance [201 [TSJ 1271). We refer also to [H],[I3] for some volume computation in 
this case. 

In a sense, the cocompact T-invariant case has tamest features. Throughout the 
paper, we will focus these peculiar features, against the different phenomena that 
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arise in general, even when F = H 2 /r is of finite area, but non compact. In 
section |H] we show simple examples that illustrate these general phenomena. A 
key point here is that we can work with geodesic laminations on F that not 
necessarily have compact support. 

The other side of U^ 1 - (Broken) T-symmetry As stated above, the WR- 
rescaling mechanism only concerns the past of lA^ 1 (it/2) in the AdS spacetime 
lA^ 1 . What about the other side of this spacetime? In order to answer this 
question, it is useful to consider the spacetime (JA^ 1 )* obtained just by reversing 
the time orientation. That is we study the behaviour of the AdS MC(M 2 )- 
spacetimes with respect to the T-symmetry. 

Recall (see Section EJ) that the isometry group of the spacetime X_i is iso- 
morphic to PSL(2,R) x PSL(2,R). So the AdS holonomy of a quotient of U^ 1 
(when A is T-invariant), is given by a ordered pair (1^,1^) of representations 
of r with values in PLS(2,M). In terms of the holonomy, the above spacetime 
involution simply corresponds to 

(r L ,r R ) ^ (r R ,r L ) . 

T-symmetry in the cocompact Y -invariant case. Assume that F = H 2 /r is a 
compact hyperbolic surface of genus g > 2, and that A is T-invariant. It is 
known since that in such a case (1^,1^) is a pair of faithful cocompact 
representations of the same genus, and that they determine the AdS spacetime. 
The behaviour of lA^ 1 and (lA^ 1 )* is T -symmetric in the following sense (see 
Subection 16. 7|) : 

There are a compact hyperbolic surface F* = H 2 /r* of genus g, and a T*-invariant 
measured geodesic lamination A* such that 

(wr 1 )* = w*. 1 . 

In other words: 

Even (U^ 1 )* ^ s M-£(E. 2 )- spacetime. 
We can also say that the initial and final singularities of U^ 1 have the same kind 
of structure. 

Broken T-symmetry in the general case. The above T-symmetry does no longer 
hold in general, even when F/Y is of finite area but non compact: 

In general, (U^ 1 )* is no longer a A4C(M 2 )- spacetime. 

Its initial singularity is not necessarily of the same kind. Just for using a some- 
what suggestive terminology, let us qualify as "naked" the initial singularities of 



8 



A^£(H 2 )-spacetimes. Then, in Section |H] we will show examples of broken T- 
symmetry given by AdS spacetimes having naked initial singularity, whereas the 
final singularity is "censured" by BZT black holes (see [Hj). 
In fact, the flat spacetimes IA X are characterized by the property of being regular 
domains in Xo with surjective Gauss map (see Section (HJ). This has as AdS 
counterpart that the spacelike surface U x 1 (ti/2) is complete. In general, this 
property is not preserved up to time orientation reversing. We will see that IA X X 
is determined by its curve at infinity c\, that is the trace of the surface U x 1 (7i/2) 
on the "boundary" (diffeomorphic to S 1 x S 1 ) of X_j.. It is an intriguing problem 
to characterize AdS .M£(HI 2 )-spacetimes (and broken T-symmetry) in terms of 
c\. This also depends on the subtle relationship between these spacetimes and 
Thurston's "Earthquake Theorem" beyond the cocompact T -invariant case 
already depicted in [2H]. We get some partial result in that direction: we show 
that c\ is the graph of a homeomorphism of S 1 iff the lamination A generates 
earthquakes. On the other hand, we show examples of homeomorphism of S 1 
such that its graph is not the c\ of any IA X X (that is such a graph determines a 
spacetime of more general type). See Sections HI and |H1 



Along a ray of measured laminations As usual, let A = (£, fi) be a (pos- 
sibly T- invariant) measured geodesic lamination on H 2 . We can consider the ray 
of (r-invariant) laminations t\ = (£,t/i), t G [0,+oo[. So we have the corre- 
sponding 1-parameter families of spacetimes U^ x and hyperbolic manifolds M t \, 
emanating from the static case (t — 0). The study of these families gives us in- 
teresting information about the WR-rescaling mechanism (Section |7|). We study 
the "derivatives" at t — of the spacetimes U^ x , and of holonomies and "spectra" 

of the quotient spacetimes. In particular, let us denote by j^tx the spacetime 
obtained by rescaling the Lorentzian metric of IA^ X by the constant factor 1/t 2 . 
So ~^-t\ has constant curvature n t = t 2 K. All the constructions made under the 
normalization k = 0,±1, apply straightforwardly to every n t , with the obvious 
modifications. Then, we will prove (using a suitable notion of convergence) that 



lim -U* X =U\ 



1. 
-i 

i— t 

Assume now that F = EI 2 /T is compact. Hence we have also the family 
(Lltx)* = U x * as in the previous paragraph. In such a case (see Section EJ), the 
set of r-invariant measured laminations has a R-linear structure, and it makes 
sense to consider —A. Then we will show 

lim -U~} =U\. 

t-»o t A * 
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A^£(H 2 )-spacetimes and beyond The broken T-symmetry shows that we 
have developed so far only a "sector" of a complete WR-rescaling theory in 3D 
gravity. An immediate generalization should consist in considering arbitrary flat 
regular domains in Xo, with not necessarily surjective Gauss map. In fact they 
have in general cosmological time (see Sectional), and the WR-rescaling formulas 
we have obtained for the .M£(H 2 )-spacetimes, formally apply. However, several 
points have to be clarified such as: 

- the structure of the initial singularities and of the (suitably generalized) dual 
laminations; 

- the characterization of the AdS spacetimes (the hyperbolic 3-manifolds) 
obtained via canonical rescaling (canonical WR). And so on. 

Measured laminations on straight convex sets defined in JE] seems to furnish a 
good generalization. Note that all examples 16.161 and in Section |H1 present such 
a kind of laminations. Moreover, it is not hard to see that the procedure to 
construct a regular domain encoded by A G AiC(M 2 ) (Section OJ), holds for these 
generalized laminations. 

We expect that all (U^ )* should arise in such a more general framework. In 
clarifying this perspective of future work, we have also profited of recent discus- 
sions with T. Barbot. 

A completion of the WR-rescaling theory is also necessary in order to get 
canonical WR on ends of arbitrary tame hyperbolic 3-manifolds (see the beginning 
of this Introduction). We notice that broken T-symmetry and WR on ends of 
arbitrary hyperbolic 3-manifolds seem to be strictly related facts. For instance, 
the completion of the hyperbolic 3-manifolds obtained via canonical WR on the 
future side of the spacetimes of Section |H1 are homeomorphic to a handlebody 
(whence having a compressible end). These examples also show that spacetimes 
of more general type can arise as "limit" of genuine .M£(IHI 2 )-spacetimes (for 
instance, when t — ► +00, along certain rays of measured laminations). 

As a further step towards a complete theory, in jHj we have analyzed the sim- 
plest flat regular domain in Xo, having the most degenerate Gauss map, that 
is the future, say II, of a spacelike geodesic line. Although this domain is very 
elementary, the resulting sector of the WR-rescaling theory is far to be trivial. 
It is remarkable that this can be developed in explicit and self-contained way, 
eventually obtaining a complete agreement with the results of the present paper 
(for instance, concerning the universal rescaling functions). The WR-rescaling 
mechanism on II extends to so called QV- spacetimes . These represent the 3D 
gravity materialization of holomorphic quadratic differentials on fl = C, H 2 (pos- 
sibly invariant for the action of a group T of conformal transformations). They 
are suitable flat (II, Isom + (II))-spacetimes (already pointed out in |Zj(3)), and 
the dS or AdS ones obtained via canonical rescaling. In particular, the quotient 
spacetimes of II with compact space, realize all non-static globally hyperbolic 
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flat spacetimes with toric Cauchy surface. Via WR we get the non-complete hy- 
perbolic structures on (S 1 x S 1 ) x R that occur in Thurston's Hyperbolic Dehn 
Filling set-up. By canonical AdS rescaling of the quotient spacetimes of II home- 
omorphic to (S* 1 x K) x 1, we get so called BTZ black holes (see [14]). In general, 
QP-spacetimes present world-lines of conical singularities, and the correspond- 
ing developing maps are not injective. So they are also a first step towards a 
generalization of the theory in presence of "particles" . 

Acknowledgment: Apparently our work rests on two bases: the world dis- 
covered by Thurston, and the Lorentzian facets of that world revealed by Mess 
in the germinal paper [23] . 

2 Measured Geodesic Laminations 

Laminations A geodesic lamination £ on a complete Riemannian surface F is 
a closed subset L (the support of the lamination), which is foliated by geodesies. 
More precisely, L is covered by boxes B with a product structure B = [a, b] x [c, d], 
such that L H B is of the form X x [c, d], and for every x G X, {x} x [c, d] is a 
geodesic arc. Moreover, the product structures are compatible on the intersection 
of two boxes. Each geodesic arc can be extended to a complete geodesic, i.e. 
admitting an arc length parametrization defined on the whole real line R. Either 
this parametrization is injective and we call its image a geodesic line of F, or 
its image is a simple closed geodesic. In both cases, we say that they are simple 
(complete) geodesies of F. So, these simple geodesies make a partition of L, and 
are called the leaves of C. The leaves together with the connected components of 
F\L make a stratification of F. 

In this section we are interested in the geodesic laminations on the hyperbolic 
plane H 2 . In this case we can prove that if a closed subset L is the disjoint union 
of complete geodesies, then that geodesies give rise to a foliation of L in the above 
sense. In fact let L be the union of disjoint geodesies {h}i £ i. Fix a point p G L 
and consider a geodesic arc c transverse to the leaf Iq through p . It is not hard 
to see that there exists a neighbourhood K of p such that if a geodesic U meets 
K then it cuts c. Orient c arbitrarily and orient any geodesic U cutting c in such 
a way that respective positive tangent vectors at the intersection point form a 
positive base. Now for x G LC\ K define v(x) the unitary positive tangent vector 
of the leaf through x at x. The following lemma assures that v is a 1-Lipschitzian 
vector field on L fl K (see [TH] for a proof). 

Lemma 2.1 Let 1,1' be disjoint geodesies in H 2 . Take x G I and x' G I' and 
unitary vectors v, v' respectively tangent to I at x and to I' at x' pointing in the 
same direction. Let t(v') the parallel transport of v' along the geodesic segment 
[x, x'] then 

\\v - t(v')\\ < d m (x,x') 
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where du is the hyperbolic distance. 

m 

Thus there exists a 1-Lipschitz vector field v on K extending v. The flow $i of 
this field allows us to find a box around p . Indeed for e sufficiently small the 
map 

F : c x (-e,e) 3 (x,t) ^ $ t (x) G B 2 

creates a box around pq. 

Let Q denote the space of geodesies of H 2 . It is well known that Q is home- 
omorphic to an open Moebius band (as every geodesic is determined by the 
unordered pair of its distinct endpoints belonging to S^, i.e. the natural bound- 
ary at infinity of H 2 ). We say that a subset K of Q is a set of disjoint geodesies 
if the geodesies in K are pairwise disjoint. Given a geodesic lamination C on 
H 2 it is easy to see that the subset of Q made by the leaves of £ is a closed set 
of disjoint geodesies. Conversely, it follows from above discussion that a closed 
set of disjoint geodesies gives rise to a geodesic lamination of H 2 . For simplicity, 
in what follows we denote by C both the lamination and the set of the leaves 
(considered as a subset of Q). 

Transverse measures Given a geodesic lamination £ on a complete Rieman- 
nian surface F, a rectifiable arc k in F is transverse to the lamination if for 
every point p G k there exists a neighbourhood k' of p in k that intersects leaves 
in at most a point and 2-strata in a sub-arc. A transverse measure fi on C is 
the assignment of a Radon measure /i k on each rectifiable arc k transverse to C 
(this means that /i k assigns a finite non- negative mass fJ> k (A) to every relatively 
compact Borelian subset of the arc, in a countably additive way) in such a way 
that: 

(1) The support of /i k is k H L; 

(2) If k' C k, then fj, k > = fx k \ k >; 

(3) If k and k' are homotopic through a family of arcs transverse to C, then 
the homotopy sends the measure /j, k to /j, k i. 

A measured geodesic lamination on F is a pair A = (£,[/,), where £ is a 
geodesic lamination and // is a transverse measure on C. From now on we will 
specialize to measured geodesic laminations on H 2 . 

Remark 2.2 Notice that if k is an arc transverse to a lamination of H 2 there 
exists a piece-wise geodesic transverse arc homotopic to k through a family of 
transverse arcs. Indeed there exists a finite subdivision of k in sub-arcs fcj for 
i — 1, . . . , n such that k{ intersects a leaf in a point and a 2-stratum in a sub- arc. 
If pi_i,pi are the end-points of fcj it is easy to see that each ki is homotopic to the 
geodesic segment \pi-i,Pi] through a family of transverse arcs. From this remark 
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it follows that a transverse measure on a lamination of H 2 is determined by the 
family of measures on transverse geodesic arcs. 

The simplest example of measured laminations A = (C, fi) on H 2 is given by 
any finite family of disjoint geodesic lines l±, . . . , l s , each one endowed with a real 
positive weight, say a,j. A relatively compact subset A of an arc k transverse to 

C intersects it at a finite number of points, and we set fJ,k(A) = di\A D k\. 

i 

Now we want to point out a different way to describe a measured geodesic 
lamination on H 2 . Given an open geodesic segment k transverse to C we denote 
by M{k) the set of geodesies cutting k. Notice that Af(k) is an open set in Q. 
Moreover the map 

L n k 3 x i-> l(x) e Af(k) n C 

is a homeomorphism. Thus let ji* k denote the direct image of the measure If 
k and k' are transverse geodesies arcs we see that there exists proper geodesic 
segment k C k and k' Q C k' such that 

M{k) n Af(k') nc = Af(k ) nc = Af(k' Q ) n £ . 

Notice that ko is homotopic to through a family of arcs transverse to A. Thus 
it follows that 

In particular we can glue the measures n* k in a measure /x* on £. It is not hard 
to see that the support of /i* is the whole C. Summarizing, given a measured 
geodesic lamination A = (£, //), we have constructed a measure //* on Q supported 
on C. Conversely if //* is a measure on Q such that the support is a set C of disjoint 
geodesies we can construct in a similar way a measured geodesic lamination A = 

Let us point out two interesting subsets of C associated to a measured geodesic 
lamination A = on H 2 . The simplicial part C s of C consists of the union 

of the isolated leaves of C. Cs does not depend on the measure \i. Note that 
in general, this is not a sublamination, that is its support Cs is not a closed 
subset of H 2 . The weighted part of A depends on the measure and it is denoted 
by Cw = Cwit 1 )- In fact, it consists of the set of atoms of fi* (we denote by 
L w = L w (n) its support). It is a countable subset of Q but, again, it is not 
in general a sublamination of C. For instance, consider the set of geodesies C 
with a fixed end-point xq £ S^. Clearly £ is a geodesic lamination of H 2 and 
its support is the whole of H 2 . In the half-plane model suppose xq = oo so that 
geodesies in C are parametrized by R. In particular let l t denote the geodesic in 
C with end-points t and oo. If we choose a dense sequence (gvJneN i n ^ it is n °t 
difficult to construct a measure on C such that l qn carries the weight 2 _ ™. For 
that measure Lw is a dense subset of H 2 . 
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As L is the support of /x, then we have the inclusion C s C £^ (/•*)• I n general 
this is a strict inclusion. This terminology mostly refers to the "dual" geometry 
of the initial singularity of the spacetimes that we will associate to the measured 
geodesic laminations on H 2 . In fact, it turns out that when A coincides with its 
simplicial part, then the initial singularity is a simplicial metric tree. 

Convergence of measured geodesic laminations Let us denote by A4£(H. 2 ) 
the set of measured geodesic laminations of H 2 . Given a measured geodesic lam- 
ination A = (£, /i) we can consider the positive linear functional defined on the 
set of continuous functions on Q supported on a compact set 



T A : C C (G) ^ / - / /V e K . 

By Riesz Representation Theorem this correspondence is an injection of measured 
geodesic laminations of H 2 into the set of positive functionals on C C (Q) and we 
can consider the topology on JVlCiM 2 ) induced by this map. 
In fact we need to spell the notion of local convergence of a sequence of geodesic 
laminations A n = (£„,/!„). More precisely let K be a compact of H 2 and N(K) 
denote the compact set of geodesies intersecting K. We say that A„ converges to 
Aoo (£00 ; A'-oo) if 

/ /d/4 -»■ / 

JAf(K) JAf(K) 

for every / G CP(j\f(K)). 

Lemma 2.3 1. Suppose \ n — > on K . By using a jump function it is 
not hard to see that for every G fl Af(K) there exists a sequence 
l n G C n fl Af(K) such that l n — ■> l^. 

2. Suppose \ n — > Aoo on a compact domain K . Let k be a geodesic arc con- 
tained in K tranverse to and to C n for any n. Then we have 

/ fd(ll n )k -> / /d(//oo)fe • (1) 
Jk Jk 

Proof : The first statement is evident. Thus let us prove only the second one. 
Since (fJ> n )k(k) < £i n (J\f(K)) it follows that up to a subsequence there exists a 
measure \i on k such that 

/ fd(fi n )k -»• / fdfi . 
Jk Jk 

In order to conclude we have to show that ji = (/too)fc- 
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Given a continuous function / on k, we can define a continuous function ip on 
Af(k) \ {/ }, where l is the geodesic through k, by setting ip(l) = f{l n fc). 

If the support of / is contained in the interior of k the function ip can be 
extended to M(K) \ l . Moreover, we have 



k JAf(K)\lo 

Since {/o} is not contained in the support of the last integral tends to the 
integral of <p with respect to /too. Thus if the support of / is contained in int(fc) 
then 

/ fdfJ, = / /d(^oo) fc . 

Jk Jk 

In order to conclude it is sufficient to show that if x is an endpoint of k then 
n({x}) = 0. Let k £ a neighbourhood of k in l and fix a function </? n on k £ with 
compact support in its interior part such that (p n (x) = 1 and 

Then we have that 

<Pnd(lij)k e < 1/^ 



ikr 



>k s 

for j sufficiently large. In this way we obtain that 



L 



tp n dn < l/n 



and this shows that /jl({x}) = 0. 



Standard finite approximation Given a measured geodesic lamination A = 
(£, u) on H 2 , we want now to construct local approximations by finite lamina- 
tions. More precisely let us fix a geodesic segment k transverse to the lamination. 
Denote by U e (k) the ^-neighbourhood of k and by k £ the intersection of U e (k) 
with the geodesic containing k. If e is sufficiently small we see that every leaf of 
£ that intersects U £ (k) must intersect k £ . Fix n and subdivide k £ into the union 
of intervals ci, . . . , c r such that q has length less than l/n and the end-points of 
q are not in Lw(^)- For every q let us set a, = (J>k e (cj)- If % > 0, then choose a 
leaf /j of £ that cuts Cj. Thus consider the finite lamination C n = > 0} and 

associate to every lj the weight aj. In such a way we define a measure /z n trans- 
verse to C n . Moreover, it is easy to prove that A n = (£ n , /i n ) tends to A = (£,//) 
on U £ (k) as n — > +oo. We call such a sequence a standard approximation of A. 
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T-invariant measured geodesic laminations Any discrete torsion-free group 
T C Iso(H 2 ) naturally acts on the space of geodesies Q. So we can consider the 
T-invariant geodesic laminations on H 2 . More precisely, consider the complete 
hyperbolic surface F = H 2 /r; the natural projection p : H 2 — > F is a (locally 
isometric) universal covering map. Then every geodesic lamination on F lifts to a 
T-invariant geodesic lamination on H 2 , and this establishes a bijective correspon- 
dence between geodesic laminations on F and T-invariant geodesic laminations 

on e 2 . 

If A = (£,//) is a measured geodesic lamination on F, then it lifts to a mea- 
sured geodesic lamination A = (C, jl) on H 2 which is T-invariant. This means 
that C is T-invariant and for every tranverse arc k and every 7 e T we have 

£t 7 (fc) = l*(Hk)- 

Conversely if A is a T-invariant measured geodesic lamination on H 2 , then it 
induces a measured geodesic lamination on F = H 2 /r. Notice that a measured 
lamination A is T-invariant if and only if the action of Y on Q preserves the 
measure /i*. 

Cocompact T The case of cocompact Fuchsian groups T is particularly inter- 
esting and has been widely investigated. 

The simplest example of measured geodesic lamination on a compact hyper- 
bolic surface F = M 2 /T is a finite family of disjoint, weighted simple closed 
geodesies on F. This lifts to a T-invariant measured lamination of H 2 made by a 
countable family of weighted geodesic lines, that do not intersect each other on 
the whole of EI = H 2 U S^. The measure is defined like in the case of a finite fam- 
ily of weighted geodesies. We call this special laminations weighted -multi- curves. 

When F = H 2 /r is compact, the T-invariant measured geodesic laminations 
A = (£, /i) on H 2 have particularly good features, that do not hold in general. 
We limit ourselves to remind a few of them: 

1. The lamination C is determined by its support L. The support L is a 
no-where dense set of null area. 

2. The simplicial part £5 and the weighted part Cw actually coincide; more- 
over £5 is the maximal weighted multi-curve sublamination of A. 

3. Let us denote by AiC(F) the space of measured geodesic laminations on F. 
It is homeomorphic to g > 2 being the genus of F. Any homeomor- 
phism / : F — > F' of hyperbolic surfaces, induces a natural homeomorphism 
f c : M£(F) -> MC(F'); if / and /' are homotopic, then fc = f'c- This 
means that M.C(F) is a topological object which only depends on the genus 
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of F, so we will denote it by M.C g . Varying [F] in the Teichmiiller space T g , 
the above considerations allows us to define a trivial fibre bundle T g x M.C g 
over T g with fibre A4C g . 

Example 2.4 (1) Mutata mutandis, similar facts as above hold more generally 
when F = H 2 /r is of finite type (i.e. it is homeomorphic to the interior of 
a compact surface S possibly with non empty boundary), providing that the 
lamination on F has compact support. However, even when F is of finite area 
but non compact, we can consider laminations that not necessarily have compact 
support (see Section |HJ). 

(2) Let 7 be either a geodesic line or a horocycle in H 2 . Then, the geodesic lines 
orthogonal to 7 make, in the respective cases, two different geodesic foliations 
both having the the whole of H 2 as support. We can also define a transverse 
measure \i which induces on 7 the Lebesgue one. 

3 Flat X£(H 2 )-spacetimes 

We denote by Xo the 3-dimensional Minkowski space, that is R 3 endowed with 
the flat Lorentzian metric 

ho = —da; 2 , + dx 2 + dx 2 . 

Geodesies are straight lines and totally geodesic planes are affine planes. They are 
classified by the restriction of ho on them: in particular they are spacelike (resp. 
timelike or null) if the restriction of ho is a Riemannian form (resp. Lorentzian 
or degenerated). 

The orthonormal frame 

d d d 

gives rise to an identification of every tangent space T x Xo with R 3 provided with 
the Minkowskian form 

(v, w) = —V Wo + ViWx + v 2 w 2 ■ 

This (ordered) framing also determines an orientation of Xo and a time-orientation, 
d 

by postulating that — — is a future timelike vector. The isometries of Xo coincide 

with the affine transformations of M 3 with linear part preserving the Minkowskian 
form. The group /S , Oo(X ) of the isometries that preserve both the orientation 
of Xo and the time orientation, coincides with M 3 x SO + (2, 1), where SO + (2, 1) 
denotes the group of corresponding linear parts. In fact, with the terminology 
introduced before, we will consider (X , J5 , Oo(X ))-spacetimes. 
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There is a standard isometric embedding of H 2 into Xo which identifies the 
hyperbolic plane with the set of future directed unitary timelike vectors, that is 

H 2 = {v G M 3 | (v,v) = -1 and v > 0}. 

Clearly SO + (2, 1) acts by isometries on H 2 , and it is not hard to show that this 
action is faithful and induces an isomorphism between SO + (2, 1) and the whole 
group of orientation preserving isometries of H 2 . 

Definition 3.1 A flat regular domain U in X is a convex set that coincides 
with the intersection of the future of its null support planes. We also assume 
that U has at least two null support planes, so that U is neither the whole Xo 
nor the future of a null plane. Note that U is future complete. 

Flat regular domains in Minkowski spaces of arbitrary dimension (defined in 
the same way) have been widely studied in El E] We remind here some 
general geometric properties of these domains, established in the cited papers. 

1. Any flat regular domain U has canonical cosmological time, T say (see the 
definition given in the Introduction). This cosmological time is a concave 
C 1 -submersion. 

2. For every point x G U there exists a unique point r(p) G dU such that 
T(p) = | (p — r ip)iP ~ r ip)) \ 1 ^ 2 - Moreover r(p) is the unique point such 
that the plane orthogonal to p — r{p) at r{p) is a support plane of U. 
The map r : p \— > r(p) is continuous and locally Lipschitzian. We call it 
the retraction of U. The image E = of that retraction is called the 
initial singularity of U. It coincides with the set of points in dU admitting 
a spacelike support plane. 

3. The gradient of T is the unitary timelike vector field 

V L T{p) = 7^-r(r(p)-p) . 

Notice that VlT(p) is past directed, so that we have the map 

N : U 3 p h-> -V L T(p) G H 2 
which is called the Gauss map of U. 

4. The T-level surfaces U(a) = T _1 (a) are complete Cauchy spacelike surfaces 
(hence U is a globally hyperbolic spacetime). They are graphs of 1-Lipschitz 
convex C 1 -function defined on the horizontal plane {xq = 0}. The function 

restricted to 14(a) coincides in fact with its ordinary Gauss map (N(x) 
is the future directed unitary normal vector to 14(a) at x). One can prove 
that this restriction is 1/a-Lipschitzian w.r.t. the intrinsic distance. 
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Figure 1: An example of regular domain associated to a finite measured lamination. 



5. By using the above point 2., it easy to show the following inequality 

(N(x),r{x)-r{y))>0 (2) 

for every x, y E U. 
From now on we specialize our discussion to the 3-dimensional case. 

From measured geodesic laminations towards flat regular domains Given 
a measured geodesic lamination A = (£, p) on HI 2 a general construction produces 
a regular domain IA\ (that is U\ with the notations of the Introduction) in X (see 
[23], [TTJ [T2] ) - Here we sketch this construction. Fix a base-point xo EM 2 \ Lw- 
For every x E M 2 \ Lw choose an arc c transverse to C with end-points xq and 
x. For t E c fl L, let v(t) E M 3 denote the unitary spacelike vector tangent at t, 
orthogonal to the leaf through t and pointing towards x. For t E c \ L, let us set 
v (t) =0. Thus we have defined a function 

v : c -> M 3 

that is continuous on the support of /i . We can define 




v(t)d/i(t). 



It is not hard to see that p does not depend on the path c. Moreover, it is constant 
on every stratum of A and it is a continuous function on HI \ Lw- The domain 
tl\ can be defined in the following way 

U x = f| l + (p(x)+x L ). 

x£W 2 \L w 
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Figure 2: The construction of the domain associated to a finite lamination. 

Suppose that x belongs to a weighted leaf I C Lw, with weight A. Consider the 
geodesic ray c starting from xq and passing through x. Clearly c is a transverse 
arc. It is not hard to see that there exists the left and right limits 

P-{x) = lim p{t) , 
p + {x) = lim i p(t) 

and that p+(x) — P-(x) is the spacelike vector with norm equal A orthogonal to 
/. Notice that p±(x) depend only on the leaf through x. Another description of 
U\ is the following one 

U x = {ax + p(x)\x el 2 - L w ,a > 0} U 
U{x + tp + (x) + (l-t)p_(x)\x G L w ,t G [0,1], a > 0}. 

As before, let us denote by T = T\ the cosmological time, by N = N\ the Gauss 
map and by r = r\ the retraction of U\. Then for x G H 2 \ Lw we have 

T(ax + p(x)) = a , 
N(ax + p(x)) = x , 
r(ax + p(x)) = p(x) . 

For x G L w we have 

T(ax + tp + (x) + (1 - t)p_(x)) = a , 
N(ax + tp + (x) + (1 — t)p_(x)) = x , 
r{ax + tp + (x) + (1 - t)p-{x)) = tp+(x) + (1 - t)p-{x) . 

In particular, we have shown that 



20 



Lemma 3.2 The Gauss map onlA\ is surjective. 

Measured geodesic laminations on the T-level surfaces Let us fix a level 
surface U\{a) = T _1 (a) of the cosmological time of U\. We want to show that 
also U.\ia) does carry a natural measured geodesic lamination on. Consider the 
closed set L a = iV _1 (L) nU\(a). First we show that L a is foliated by geodesies. 
If I is a non weighted leaf of L we have that l a := N (I) fl U\(a) = al + p(x) 
where x is any point on I. Since the map iV : U\(a) — > H 2 is 1/a-Lipschitzian, 
it is easy to see that l a is a geodesic of U\(a). If / is a weighted leaf, then 
N~ l {l) = al+ [p_(x), p+(x)} where x is any point on I. Thus we have that A^ _1 (/) 
is an Euclidean band foliated by geodesies l a {t) := al + t where t £ [p_(x), p + (x)}. 
Thus we have that 

lCL\L w lCL w t£[p_{x),p + {x)} 

is a geodesic lamination of U\{a). Given a rectifiable arc c transverse to this lami- 
nation we know that roc is a Lipschitz map. Thus we have that r is different iable 
almost every-where and 

r(p) — r(q) = J r(t)dt 
where p and q are the endpoints of c. It is not hard to see that r(t) is a spacelike 

1 /2 

vector. Thus we can define a measure /t c = (f(t),r(t)) 1/z dt If N(p) and N(q) 
are not in Lw then 

//(c) = /i(iV(c)) . 

By this identity we can deduce that A a = (L a , fi) is a measured geodesic lam- 
ination on U\(a). Notice in particular that the measure (x c defined on every 
rectifiable transverse arc is absolutely continuous with respect to the Lebesgue 
measure of c. Moreover, inequality ^ implies that (r(t),r(t)) < (c(t),c(t)) = 1 
(hence the total mass of a transverse path is bounded by the length of the path). 
The density of /t is bounded by 1. 

From flat regular domains towards measured geodesic laminations The 

following theorem is proved in the last chapter of [TTj . 

Theorem 3.3 The map X i— > U\ establishes a bijection between _M£(H 2 ) and 
the set of flat regular domains o/X with surjective Gauss map, considered up to 
translation o/X . 

For the sake of completeness, we sketch here the main steps in the construction 
of the inverse map. 

Given a flat regular domain U provided with a cosmological time T, Gauss 
map iV and retraction r onto the initial singularity S it is a very general fact 
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that the map N restricted to a fiber of r on tq e £ is an isometric embedding 
onto an ideal convex J-{tq) set of H 2 . 

Given two points r l5 r 2 G E we have that r 2 — r x is a spacelike vector and 
the goedesic Zi j2 orthogonal to that vector can be oriented in such a way that if 
X- (resp. x + ) is a null vector corresponding to its initial (resp. end) point then 
r 2 — ri, x + form a positive basis of R 3 . Then by (j2J we have that T{ri) (resp. 
^(^2)) is contained in the (closed) half planes on the left (resp. on the right) of 

Thus we can define a geodesic lamination £ = Cu on H 2 by considering the 
union of all the geodesies of the form J-"(r) and the boundary geodesies of the 
ideal convex sets of the type J-{r). 

We need the following technical lemma to define the transverse measure 
(see 



Lemma 3.4 If c is a geodesic arc in H 2 transverse to C then the set c = N (c)fl 
U{1) is a rectifiable arc oflA{l). 

Since A^ _1 (x) fl W(l) is either a point or a segment it is no hard to see that 
c is homeomorphic to an arc. The proof that c is rectifiable is based on the 
following remark. If Pi,P2,P3 are points on c such that N (pi) , N (P2) , N (p^) are 
ordered points on c then the geodesies in H 2 corresponding to r(p 2 ) — ^(pi) and 
r(ps) — r(p 2 ) are disjoint. Thus the reverse of the Schwarz inequality holds and 
so 

KP3) - r(p 1 )\ > |r(p 3 ) - r(p 2 ) \ + |r(p 2 ) + r(p 1 )\ 

where | ■ | denote the Lorentzian norm. By this inequality it follows that if 
Pi, . . . , p n is a partition of c then we have 

where £(c) is the length of c. 

Let t be the arc-length parameter of c. Since r is a locally Lipschitzian map 
then the map 

r{t) = r(c(t)) 

is Lipshitzian. Then it is differentiable almost every-where. Moreover by using 
again inequality (J2J) we see that r'(t) is a vector tangent to U (1) at c(t), orthogonal 
to the fiber of r and pointing as c'(t). In particular it is a spacelike vector. If 
we consider the measure fi = \r'(t)\dt then fi = N^fi is a tranverse measure on c. 
Moreover if v is the field on L fl c orthogonal to L then we have 



v d/i = jvdp, = jr'(t)dt. 
In particular this shows that U is the domain associated to A = (C,fi). 
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Continuous dependence of IA\ We want to discuss now how the construction 
of U\ depends continuously on A (see [TTJ . 

Fix a compact domain K C H 2 that contains the base point Xq. Suppose that 
\ n is a sequence of measured geodesic laminations such that A n — > Aoo on K. 
We shall denote by U n (resp. Woo) the domain associated to A„ (resp. Aoo) and 
by T n , r n , N n (resp. Too, ^oo, ^oo) the corresponding cosmological time, retraction 
and Gauss map. 

In fact, we are going to outline a proof of the following proposition 

Proposition 3.5 Let K be a compact domain o/H 2 and assume that A n converge 
to Aoo on K. For any couple of positive number a < b let U(K\ a, b) be the set of 
points x in IA\ X such that a < Tqo(x) < b and N^x) G K. We have 

1. U(K;a,b)cU n forn»0; 

2. T n ->Too inC\U{K-a,b)); 

3. N n — > iVoo and r n — > r^ uniformly on U (K; a, b) . 

The first simple remark is that for any x G K \ (Loo)jy we have that 

Poo (•^•') 

[x ,x] 

where v n (t) is the orthogonal field of L^. Such a field is C-Lipschitz on L n n [xq, x], 
for some C that depends only K. Thus we can extend fnU n n[a:o,x] to a C-Lipschitz 
field v n on [x ,X]. Clearly 



v n (t)dfi n (t) = / v n (t)dfi n (t) . 

xo,x] J[xo,x] 

Possibly up to passing to a subsequence, we have that v n — > v^, on C°([x ,x]). 
Moreover it is not hard to see that = on fl [x , x\. Thus we have 



V n (t)d/J n (t) -> / Wood/ioo(i) = Poo(x) ■ 

XQ,X] J\XQ,X] 

By this fact we can deduce the following result. 

Lemma 3.6 Let us take p G Woo (a) such that N OQ (p) G K. There exists a se- 
quence p n G U n (a) such that p n — > p c 



'CO ■ 



Proof : First assume that x = N(p) ^ (Lqo)vk- Then we know that 

p = ax + poo(x) . 
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Hence p n = ax + / v n (t)dp n (t) works. 

J[XQ,X] 

Now assume that x = N(p) G (Ax>)w so P nes i n a band a/ + [p_(x), p + (x)]. 
We can consider two points y,z £ (L^w such that d(y,x) < e and d(z,x) < e 
and \\p(y) — p-(x)\\ < e and — < £ (where || • || is the Euclidean 

norm). If we put q~ = ay + and g + = z + p(z) we have that the distance 
of p from the segment [q^,q^] is less than 4e. Now let us set q~ = ay + p n (y) 
and g+ = + p n (y) and choose n sufficiently large such that | \q — q^\ \ < e. 
We have that the distance of p from [q~, q*\ \ is less than 6e. On the other hand 
since the support planes for the surface U\ n (a) at g~ and at q£ are near it is easy 
to see that the distance of any point on [q~, q£] from U n (a) is less then rj(e) and 
77 — > for e — > 0. It follows that we can take a point p n G U n (a) arbitrarily close 
to p for n sufficiently large. 

■ 

Choose coordinates (2/0,2/1,2/2) such that the coordinates of xq are (1,0,0). 
We have that the surface U n (a) (resp. Woo (a)) is the graph of a positive function 

(resp. ip^) defined over the horizontal plane H = {y = 0}. Moreover we now 
that is a 1-Lipschitzian convex function and <^(0) = a. Thus Ascoli-Arzela 
Theorem implies that {y^nlneN is a pre-compact family in C°(H). Up to passing 
to a subsequence, there exists a function on if such that <^ — > <p as n — > +00. 
Consider the compact domain of H 

H{K,a) = {pe HlNooWMtp) G K} . 

By Lemma T3. 61 it is easy to check that tp = ip^ on H(K, a). Thus we can deduce 

Vn\H{K,a) -> ¥>to\H(K,a) ■ (3) 

Fix b > a > a. We have that the domain U(K; a, b) is contained in the future of 
the portion of surface iV ( ^ ) 1 (J\")nW 00 (a). By Q we see that U(K; a, b) is contained 
in the future of U n (a) for n sufficiently large. Thus we have 

U(K; a, b) C U n (> a) for n » . (4) 

Since we are interested in the limit behaviour of functions T n , N n , r n we can 
suppose that U(K; a, b) is contained in U n (> a) for any n. 

Thus we have that T n , N n , r n are defined on U (K; a, b) for any n. Moreover notice 
that 

T„(£,0,0) = £, 
iv n (e,o,o) = (1,0,0) , 

r„(e,0,0) = 0. 

Thus we have that r n (p) lies in the half-space H + = {y > 0} for every p G Li n . 
Since U(K; a, b) is compact then there exists a constant C such that for every 
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p G U(K; a, b) and for every past directed vector v such that p + v is H + then 
\\v || < C. Since r„(p) = p — T n {p)N n {p) we have that 

||T n (p)JV n (p)||<C7 

for every neN and for every p E U (K; a, b). Since T n (p) > a we can deduce the 
following property. 

Lemma 3.7 The family {N n } is bounded in C°(U(K; a, b); H 2 ). 

■ 

Since N n (p) = — V ' i,T n {p) Lemma I3~71 implies that the family {T n } is equi- 
continuous on U(K;a,b). On the other hand since ||iV n (p)|| > 1 we have that 
|T n (p)| < C for every p G U(K;a,b). Thus the family {T n } is pre-compact 
in C°(U(K;a,b)). On the other hand by using Lemma 13.61 we easily see that 
T — >• T 

Finally the same argument as in Proposition 6.5 of |T2] shows that N n — > in 
C°(U(K; a, b); H 2 ). The proof of Proposition 13.51 easily follows. 

T-invariant constructions Let us assume now that T C SO + (2, 1) is a dis- 
crete, torsion free group of isometries of H 2 , and that A is invariant under T. We 
can construct a representation 

fx '■ r ► Isoo(Xo) 

such that 

1. is /x(r)-invariant and the action of f\(T) on it is free and properly dis- 
continuous. 

2. The Gauss map N : IA\ — ► H 2 is /A-equivariant: 

iV(/ A (7)p) = 7iV(p). 

3. The linear part of f\(y) is 7. 
In fact, we simply define 

A(7) = 7 + p(7^o) • 
Notice that r(7) = p(7x ) defines a cocycle in Z 1 (r,M 3 ); by changing the base 
point xq, that cocycle changes by coboundary, so we have a well defined class in 
H\T,R 3 ) associated to A. 

Let us consider the hyperbolic surface F = H 2 /T. Then X = X(X,T) = 
U\/ f\{V) is a flat maximal globally hyperbolic, future complete spacetime home- 
omorphic to F x R. The natural projection U\ — > X is a locally isometric uni- 
versal covering map. The cosmo logical time T of IA\ descends onto the canonical 
cosmo logical time of X. 
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Cocompact T-invariant case The case when T is a cocompact Fuchsian group 
has been particularly studied, since the germinal Mess's work j2Hj. Let us recall 
a few known facts that hold in this case (see P3~ | H2~ | ITT]|7](1)). 

Let X be any maximal globally hyperbolic, future complete flat spacetime 
which is homeomorphic to S x R, S being a compact surfaces of genus g > 2. 
Then: 

1. The linear part of the holonomy of X is injective and its image is a cocom- 
pact Fuchsian group T = T(X) such that S is homeomorphic to F — M 2 /T. 

2. There is a unique T- invariant measured lamination A on H 2 , such that X is 
isometric to X(X, T) := U\j f\(T). In fact, the lamination A can be obtained 
as a particular case of Theorem 13.31 after one has proved that the universal 
covering of X is isometric to a flat regular domain of X with surjective 
Gauss map. 

3. Hence, up to isometry homotopic to the identity, the maximal globally hy- 
perbolic, future complete flat spacetime structures on SxM. are parametrized 
either by: 

(a) T s x M£ 9 , where T g denotes the Teichmiiller space of hyperbolic struc- 
tures on S, and M.C g has been introduced in Section [21 

or 

(b) the flat Lorentzian holonomy groups /x(r)'s, up to conjugation by 
ISO (X ). If we fix T, this induces an identification between A4C g and 
the cohomology group if 1 (r,IR 3 ) (where M 3 is identified with the group of 
translations on Xo). 

Moreover, X(X, T) is determined by the asymptotic states of its cosmological 
time in the following sense. For every s > 0, denote by s U\(a), the surface 
obtained by rescaling the metric on the level surface U\(a) = T A " 1 (a) by 
a constant factor s 2 . Clearly there is a natural isometric action of the 
fundamental group 7r 1 (S') = T on each s U\{a). Then 

(i) when a — > +oo, then the action of T on {l/a)U\(a) converges (in the 
sense of Gromov) to the action of r on tf ; 

(ii) when a — > 0, then action of V on U\(a) converges to the action on the 
initial singularity of U\. This is a real tree, spacelike embedded into the 
boundary of U\ in Xo. In fact this is the dual real tree of A, according to 
Skora's duality theorem (for the notions of equivariant Gromov convergence, 
real tree, Skora duality see e.g. [23]) 
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Remark 3.8 It follows from the above discussion, that if we fix a compact sur- 
face f = e 2 /r of genus g, then we can lift on A4C g the linear structure of 
H (r, M 3 ). M.C g is a topological object which does not depend on the choice of 
F (see Section |2J). This fact holds also for the cone structure on M.C g obtained 
by considering the ray of each lamination tX = (C,tfi), t > 0. Moreover, these 
rays coincide with the ones of the linear structure on i? 1 (r, M 3 ). However, the full 
linear structure actually depends on the choice of the base surface F (see [TH]). 

In Section |H1 we show that even when F is of finite area, but non compact, we 
can have radically different phenomena with respect to ones listed above for the 
cocompact T-invariant case. 

4 WR: flat Lorentzian towards hyperbolic 
geometry 

Let us fix a flat regular domain U = U x , A = (£,/•*)> with surjective Gauss 
map N, according to the results of Sectional If T denotes its cosmological time, 
remind that U(a) = T _1 (a), IA{> 1) = T - ([1, +oo[), and so on. The main aim 
of this section is to construct a local C 1 -diffeomorphism 

D = D X :U(> 1) — ► H 3 

such that the pull-back of the hyperbolic metric is obtained by a WR of the 
standard flat Lorentzian metric, directed by the gradient of the cosmological 
time of U (restricted to U{> 1)), and with rescaling functions that are constant 
on each level surface of the cosmological time. The hyperbolic 3-manifold M\, 
that we have mentioned in the Introduction, is just defined by imposing that D 
is a developing map of M\. Later we will discuss the asymptotic behaviour of D 
at U(l). In fact, we will see that D continuously extends to a map D with values 
in HI = H 3 U S^a, which restricts to a local C 1 - embedding of U(l) into S^. So, 
this restriction can be regarded as a developing map of a projective structure on 
W(l). It turns out that the spacelike metric on W(l) is the Thurston metric for it. 
The study of the asymptotic behaviour of D when the cosmological time tends 
to +oo will correspond to the determination of the metric completion of M\. 

4.1 Bending cocycle 

We fix once for ever an embedding of H 2 into H 3 as a totally geodesic hyperbolic 
plane. 

In order to construct the map D we have to remind the construction of bending 
H 2 along A. This notion was first introduced by Thurston in [2H]- We mostly 
refer to Epstein-Marden paper ^H] where bending has been carefully studied. In 
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that paper a quake-bend map is more generally associated to every complex-valued 
transverse measure on a lamination A. Bending maps correspond to imaginary 
valued measures. So, given a measured geodesic lamination A = (£,//) we will 
look at the quake-bend map corresponding to the complex-valued measure In 
what follows we will describe Epstein-Marden construction referring to the cited 
paper for rigorous proofs. 

Given a measured geodesic lamination A on H 2 , first let us recall that there 
is a bending cocycle associated to it. This is a map 

B A :i 2 xi 2 ^ PSL(2, C) 

which verifies the following properties: 

1. B x (x, y) o B x (y, z) = B x (x, z) for every x,y,z G H 2 . 

2. B\(x, x) = Id for every ietf. 

3. B\ is constant on the strata of the stratification of H 2 determined by A 

4. If A n — > A on a ^-neighbourhood of the segment [x,y] and x, y ^ Lw, then 
B X n ( x ,y) ~> B x (x,y) . 

By definition, a cocycle on an arbitrary set S, taking values on PSL(2, C), is a 
map 

b:SxS^ PSL{2, C) 

satisfying the above conditions 1. and 2. 

If A coincides with its simplicial part (this notion has been introduced in Sec- 
tion |2J), then there is an easy description of B x . 

If / is an oriented geodesic of H 3 , let X[ e st(2, C) denote the infinitesimal genera- 
tor of the positive rotation around I such that exp(27rX/) = Id (since I is oriented 
the notion of positive rotation is well defined). We call X\ the standard generator 
of rotations around I. 

Now take x,y 6 H 2 . If they lie in the same leaf of A then put B\(x, y) = Id. If 
both x and y do not lie on the support of A, then let l±, . . . ,l s be the geodesies 
of A meeting the segment [x, y] and a±, . . . ,a s be the respective weights. Let us 
consider the orientation on Zj induced by the half plane bounded by li containing 
x and non- containing y. Then put 

B x (x, y) = exp(aiXi) o exp(a 2 X 2 ) o • • • o exp(a s X s ) . 

If x lies in l\ use the same construction, but replace a\ by aj/2; if y lies in l s 
replace a s by a s /2. 

The following estimate will play an important role in our study. It is a direct 
consequence of Lemma 3.4.4 (Bunch of geodesies) of [TE]. We will use the operator 
norm on PSL(2,R). 
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Lemma 4.1 For any compact set K of H 2 there exists a constant C with the 
following property. Let A = (£, /i) be a measured geodesic lamination on H 2 . For 
every x,y £ K and every geodesic line I of C that cuts [x, y\, let X be the standard 
generator of the rotation along I and m be the total mass of the segment [x,y]. 
Then we have 

\\B\{x,y) - exp(mX)\\ < Cmd m (x,y). 

■ 

Notice that bending cocycle is not continuous on i 2 xH 2 . In fact by Lemma l4~T1 
it follows that it is continuous on (H 2 \ Lw) x (H 2 \ Lw) (recall that Lw is the 
support of the weighted part of A). Moreover if we take x on a weighted geodesic 
(I, a) of A and sequences x n and y n converging to x from the opposite sides of I 
then we have that 

B x (x n ,y n ) -> exp(aX) 
where X is the generator of rotation around I. 

Now we want to define a continuous "lifting" of the bending cocycle on the level 
surface of our spacetime. More precisely we want to prove the following 
proposition. 

Proposition 4.2 A determined construction produces a continuous cocycle 

B x : W(l) x U{1) -»■ PSL(2X) 

such that 

B x {p,q) = B x (N{p),N(q)) (5) 

for p,q such that N(p) and N(q) do not lie on L w . Moreover, the map B x is 
locally Lipschitzian. For every compact subset of U{1), the Lipschitz constant on 
K depends only on N(K) and on the diameter of K . 

Proof : Clearly the formula defines B x on U x \ N~ l (Ly/). We claim that this 
map is locally Lipschitzian. This follows from the following general lemma. 

Lemma 4.3 Let (E, d) be a bounded metric space, b : E x E — > PSL(2, C) be a 
cocycle on E. Suppose there exists C > such that 

\\b{x,y) - 1|| < Cd(x,y). 

Then there exists a constant H, depending only on C and on the diameter D of 
E, such that b is H -Lipschitzian. 

Proof of Lemma \4 . ffi For x,x',y,y' £ E we have 

\\b(x,y) - b(x',y')\\ = \\b(x,y) - b(x\x)b(x } y)b{y,y')\\. 
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It is not hard to show that, given three elements a,/3, 7 G PSL(2, C) such that 
||/3 — 1| I < e and H7 — 1|| < e, there exists a constant L £ > such that 

||a-/5«7||<L £ ||a||(||/?-l|| + || 7 -l||). 

Thus, we have that \\b(x,y) — 1|| < CD. If we put e = CD we have that 

\\b(x, y) - b(x', < L £ (D + l)C(d(x, x') + d(y, y')) . 

Thus H = L £ C(D + 1) works. 

■ 

Fix a compact subset K of U(l) and let C be the constant given by Lemma f4. II 
Then for x, x' G K' — K \ N~ l (Ly/) we have 

\\B x (x,x') - 1|| < 1 1 exp /x(x, - 1|| + C/i(x,a/)d B (N(x), N(x')) 

where X is the generator of an infinitesimal rotation around a geodesic of L 
cutting the segment [N(x), N(x')] and fi(x,x') is the total mass of the measure 
along a geodesic between x and x . Thus if A is the maximum of the norm of 
generators of rotations around geodesies cutting K and M is the diameter of 
N(K) we get 

\\B x (x,x') - 1|| < (A + CAf)/i(x, a/) < (A + CM)d(x, x') . (6) 

By Lemma 14.31 we have that B\ is Lipschitzian on K' x i^'. Moreover, since 
A, C, M depend only on N(K), we have that the Lipschitz constant depend only 
on N(K) and the diameter of K. 

In particular B\ extends to a locally Lipschitz cocycle on the closure of U(l) \ 
N~ l (L\y) in Notice that this closure is obtained by removing from IA(1) the 

interior part of the bands corresponding to leaves of Cw Fix a band A C U(l) 
corresponding to a weighted leaf /. We have that A = {x + u\x G / and u G 
[p_, p+]}- For p, q G A, let us set p = x + u and q = y + v. If u — v then let us 
put B\(p, q) = 1. Otherwise notice that f — u is a vector tangent to H 2 at x and 
orthogonal to /. Consider the orientation on / given by a positive 7r/2-rotation of 
v — M in the tangent space T X M 2 . Let X G sl(2, C) be the standard generator of 
positive rotation around / . Then for p,q G A let us put 

Ba(p,q) = exp(\v-u\X) 

1/2 A 

where \v — u\ = (v — u,v — u) . Notice that B^ is a cocycle. Moreover if 
p,q G cL4, then Lemma 14.11 implies that 

Ba(p,q) = B x (p,q) • 
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Let us fix p, q G U(l). If p (resp. q) lies in a band A (resp. .4') let us take a 
point p' G dA (resp. g' G cl4) otherwise put p' = p (q = q'). Then let us define 

Bx(p,q) = B A (p,p f )B x (p',q')B AI (q',q). 

By the above remarks it is easy to see that B(p, q) is well-defined, that is it does 
not depend on the choice of p' and q' . Moreover it is continuous. Now we can 
prove that there exists a constant C depending only on N(K) and on diameter 
of K such that 

\\B x (p,q)-l\\<Cd(p,q). (7) 

In fact we have found a constant C that works for p, q G U(l) \ N~ l (Ly/)- On 
the other hand we have that if p, q lie in the same band A corresponding to 
a geodesic I G £w, then the maximum A of norms of standard generators of 
rotations around geodesies in J\f(K) works. If p lies in U{1) \ N~ l (L w ) and q lies 
in a band A, then consider the geodesic arc c between p and q and let q' in the 
intersection of c with the boundary of A. Then we have 

\\B x (p,q)-l\\ = \\B x (p,q')B x (q',q)-l\\ 
\\B x (p,q')B x (q',q) - 1|| < \\B x (p,q>) - 1|| \\B x (q'q)\\ + \\B x (q',q) - 1|| 

||fi A (p,g') - 1|| ||B A ( g 'g)|| + \\B x (q',q) - 1|| < (C"A% q') + A)tZ(p, g). 

Thus, if D is the diameter of K, then the constant C" = A(C'D + 1) works. In 
the same way we can found a constant C" working for p, q that lie in different 
bands. Thus the maximum C between C, C", C" works. Notice that C depends 
only on N(K) and on the diameter of K. Proposition 14.21 is now proved. 

■ 

Remark 4.4 By using Lemma l4.1| we can deduce that for a fixed K in U(l) 
there exists a constant C depending only on N(K) and on the diameter of K 
such that for every transverse arc c contained in K with end-points p, q we have 

\\B x (p,q)-exp(fi(c)X)\\ < Cft(c)d m {N(p),N(q)) 

where X is the standard generator of a rotation around a geodesic of A cutting 
the segment [N(p), N(q)]. 

Let us extend now B x on the whole U x U. If p G U we know that p = 
r(p) + T{p)N{p). Let us denote by r(l,p) = r{p) + N(p) and put 

B\{p,q) = B x (r(l,p),r(l,q)) . 

Proposition 14.21 immediately extends to the whole of U. 
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Corollary 4.5 The map 

B x : U x U -> PSL(2, C) 

locally Lipschitzian (with respect to the Euclidean distance onU ). Moreover the 
Lipschitz constant on K x K depends only on N(K), on the diameter ofr(l,K) 
and on the maximum M and minimum m of T on K. 

Proof : It is sufficient to show that the map p h- > r(l,p) is locally Lipschitzian. 
Now take p, q in a compact set K cU. We have that p = r(l, p) + (T(p) — l)iV(p) 
and g = r(l, g) + (T(g) - l)N(q). Thus we have 

r(l,p)-r(l,q)=p-q + (N(p) - N(q)) + T(q)N(q) - T(p)N(p) . 

Since N(K) is compact there exists C such that ||iV(p)|| < C and ||iV(p) — 
N(q)\\ < C\N(p) — N(q)\ for p,q G K. Now if we set a = T(p) and b = T(q) we 
have that \N(p) — iV(g)| < l/b\pb — g| where pt> = r{p) + bN(p). It follows that 

\N(p) - N(q) | < l/m(\\p - q\ \ + \ \p - p b \ |) = l/m(| \p - q\\ + \T(p) - T(q)\) . 

Hence we obtain the following inequality 

||r(l,p)-r(l,(z)|| < \\p-q\\ + C'\\p-q\\+C"\T(q)-T(p)\ . 

Now since N is the Lorentzian gradient of T we have that 

\T(p)-T(q)\<C\\p-q\\ 

and so the Lipschitz constant of r\ is less than 1 + C' + CC". 

■ 

In the last part of this subsection we will show that if A n — > A on a e- 
neighbourhood K £ of a compact set i^, then B\ n tends to B\ on iV -1 (fT). More 
precisely, for a < b let C/ (X; a, 6) denote the subset of of the points in iV _1 (.fr) 
with cosmological time greater than a and less than b. We know that U (K; a, b) C 
U\ n , for n sufficiently large. Then we can consider the map B n given by the 
restriction of B\ n to U(K; a, b). 

Proposition 4.6 The sequence {B n } converges to the map B = B\ uniformly 
on U(K; a, b). 

Proof : For n sufficiently large we have N n (p) G K £ for p G U(K;a,b). Now 
the diameter of iV" 1 ^) flW„(l) is bounded by diam(i^ e ) + p* n (N(K s )). Thus 
we see that there exists a constant C such that every B n is C-Lipschitzian on 
U(K; a, b) for n sufficiently large. It follows that the family {B n } is pre-compact 
in C°(U(K; a, b) x U(K; a, b); PSL(2, C)). 
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So it is sufficient to prove that if B n converges to B^ then = B. Clearly we 
have that B^ is a cocycle and it is sufficient to show that B(p , q) = Boo^po, q). 
First suppose that N(q) ^ L\y- We can take q n G U(K; a, b) such that q n —> q 
and N n (q n ) are not in (Lw)n- Thus we have 

B n (po,q n ) = B n (N n (p ),N n (q n )) . 

By using Proposition 3.11.5 of [IB] we see that B n (N n (p ) , N n (q n )) converges to 
B(N(po), N(q)) = B(p , q). Thus we have that B(p, q) = B^ip, q) for p, q lying 
in the closure of A^^ 1 (H 2 \ L\y). Now take a point q in a Euclidean band A. In 
order to conclude it is sufficient to show that B^p, q) = B(p, q) for p G dA such 
that N(p) = N(q). Now notice that r n (p) is different from r n (q) for n sufficiently 
large so [N n (p), N n (q)} intersects the lamination A ra . Choose for every n a leaf l n 
intersecting [N n {p] , N n (q)] and let X n be the standard generator of the rotation 
around l n . 

Now consider the path c n (t) = r n (l,tp + (1 — t)q). It is not hard to see that c n 
is a transverse arc in U(l) so that a measure jl n is defined on it. Moreover the 
total mass m n of jl n is 

m n = \r n {t)\dt . 
Jo 

By Remark 14.41 there exists a constant C such that 

\B n (p,q) -exp(m n X n )| < Cd m (N n (p), N n (q)) . 

On the other hand since N n (p) and N n (q) converge to N(p) = N(q) it is not 
difficult to show that X n tends to the generator of the rotation around the leaf 
through N(q). In order to conclude it is sufficient to show that m n converges to 
\r(l,p) — r(l, q)\ = \p — q\. Now we know that 

tp+(l-t)q = r n (t) + T n (t)N n (t) 

so deriving in t we get 

P~q = r n (t) - (N n (t),p- q) N n (t) + T n (t)N n (t) . (8) 

Now we have that N n (t) — > N(p) thus (N n (t),p — q) tends to 0. We will prove 
that N n (t) tends to in L 2 ([0, 1];M 3 ) so r n (t) tends to p - q in L 2 ([0, 1]; M 3 ). 
From this fact it is easy to see that m n — > \p — q\. 

Since the images of N n are all contained in a compact set K £ C H 2 there 
exists C such that 

1 . r 1 ■ 

\\N n (t)\\ 2 dt < C / \N n (t)\ 2 dt . 
Jo 
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On the other hand by taking the scalar product of both the hands of equation 
with N(t) we obtain 



f>-q,N n (t)) = (N n (t),f n (t))+T n (t)\N n (t)\ 2 . 

By inequality (J2J) we can deduce (^N n (t) , r n (t)j > so 

[p-q,N n (t))>a\N n (t)\ 2 . 
By integrating on [0, 1] we obtain that N n tends to in L 2 ([0, 1]; M 3 ) . 

■ 

4.2 The Wick Rotation 

We are going to construct the local C 1 -diffeomorphism 

D = D X : U{> 1) -> H 3 

with the properties outlined at the beginning of this Section. 

Let B = B\ be the bending cocycle, and B = B\ be the map defined on the 
whole ofUxU, that continuously lifts B, as we have done above. 
Fix xq a base point of H 2 (xq is supposed not to be in Lyy)- The bending of H 2 
along A is the map 

F = F x : H 2 3 x i-f B(x Q , x)x G H 3 
It is not hard to see that F verifies the following properties: 

1. It does not depend on xo up to post-composition of elements of PSL{2, C). 

2. It is a 1-Lipschitz map. 

3. If A n — » A then F\ n — > Fa with respect to the compact open topology. 

Remark 4.7 Roughly speaking, if we bend H 2 taking x fixed then B(x, y) is the 
isometry of H 3 that takes y on the corresponding point of the bending surface. 

bmce both H 3 and H 2 C H 3 are oriented, the normal bundle is oriented too. Let v 
denote the normal vector field on H 2 that is positive oriented with respect to the 
orientation of the normal bundle. Let us take p e A^~ 1 (x ) and for p G IA{> 1) 
consider the geodesic ray c p of H 3 starting from F(N(p)) with speed vector equal 
to w(p) = B(p ,p)*(v(N(p))). Thus D is defined in the following way: 

D(p) = Cp(arctgh(l/T(p))) = exp F(7V(p)) ^arctgh (^j^yj w (p)^j ■ 
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Theorem 4.8 The map D is a local C 1 -diffeomorphism such that the pull-back 
of the hyperbolic metric is equal to the Wick Rotation of the flat Lorentz met- 
ric, directed by the gradient X of the cosmological time with universal rescaling 
functions (constant on the level surfaces of the cosmological time): 

1 1 

a = — — - , P 



Remark 4.9 Before proving the theorem we want to give some heuristic mo- 
tivations for the rescaling functions we have found. Suppose A to be a finite 
lamination. If the weights of A are sufficiently small then Fx is an embedding 
onto a bent surface of H 3 . In that case the map D is a homeomorphism onto the 
non-convex component, say 8 of H 3 \ F\(W 2 ). The distance 5 from the boundary 
is a C 1 -submersion. Thus the level surfaces S(a) give rise to a foliation of £. The 
map D satisfies the following requirement: 

1. The foliation of U by T-level surfaces is sent to that foliation of 8. 

2. The restriction of D on a level surface U(a) is a dilation by a factor de- 
pending only on a. 

The first requirement implies that 5(D(x)) depends only on T(x) that means 
that there exists a function / : R — ► R such that 8(D(x)) = f(T(x)). 

Denote by H(A) the surface obtained by replacing every geodesic of A by an 
Euclidean band of width equal to the weight of that geodesic. We have that 
U(t) is isometric to the surface tM(X/t), where we use the same notation used 
in the introduction and in the last paragraph of Section El On the other hand 
the surface S(5) is isometric to ch5H(Atght). Now it is not difficult to see that 
H(aA) and H(feA) are related by a dilation if and only if a = b. Thus by comparing 
S(6(t)) with U(t) we can deduce that 

t = l/tgh5(t) 

so t > 1. Moreover the dilation factor is 



(«(0) 



1/2 _ Ch6 ( f ) _ l_ 



t ~ (t 2 -iy/ 2 ' 



In order to compute the vertical rescaling factor notice that the hyperbolic 
gradient of 5 is unitary. Now, by requiring that D induces a Wick-rotation 
directed by the gradient X of T, we obtain that D*X = AV5 for some function 
A. Thus we have 

A = g{V5,D,X) = X(D*(5)) = d(arctgh (1/T))[X) = -^L_dT(X) = — L_ 
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We will prove the theorem by analyzing progressively more complicated cases. 
First we will prove it in a very special case when U is the future of a space- 
like segment. Then, we will deduce the theorem under the assumption that the 
lamination A consists of a finite number of weighted geodesic lines. Finally, by us- 
ing the standard approximation (see Section |2j), we will obtain the full statement. 

Let Uq be the future of the segment I = [0,aot>o], where vo is a unitary 
spacelike vector and < a < n. If l denotes the geodesic of H 2 orthogonal to 
t> , the measured geodesic lamination corresponding to U is simply A = (Iq, a o)- 
We denote by P± the components of H 2 \ / in such a way that v is outgoing from 
P-. It is easy to see that in this case the map Dq : IAq — > H 3 is a homeomorphism. 
We are going to point out suitable (^-coordinates on Uq and on the image of 
D respectively, such that D Q can be easily recognized with respect to these 
coordinates. 




Figure 3: The domain Uq and its decomposition. Also a level surface Uo{a) is shown. 



Coordinates on U As usual, let T be the cosmological time, denote the 
Gauss map of the level surfaces of T and r denote the retraction on the singu- 
larity I. We have a decomposition of Uq in three pieces U ~ ,Uq, V defined in the 
following way: 

U =r- 1 (0) = N-\P_) 
V = r- 1 (0,a v ) = N- 1 (l ) 
U+ = r-\ ao v )=N- 1 (P + ) . 

We denote by Uq(o), U ~(a), V(a) the intersections of corresponding domains 
with the surface U (a). The Gauss map on U^{a) (resp. U ~(a)) is a diffeomor- 
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phism onto P + (resp. P ) that realizes a rescaling of the metric by a constant 
factor a 2 . Instead, the parametrization of V given by 



produces two orthogonal geodesic foliations on V. The parametrization restricted 
to horizontal leaves is an isometry, whereas on the on vertical leaves it acts as a 
rescaling of factor a. Thus V(a) is a Euclidean band of width a. 

Now we introduce C 1 coordinates on U . We denote by l a the boundary of 
Uq(o) and by d a the intrinsic distance of Wo (a). Fix a point z on l and denote 
by O a G l a the point such that N(O a ) = Zq. 

For every x G Uo(a) there is a unique point ir(x) G l a such that d a (x,l a ) = 
d a (x,7r(x)). Then we consider coordinates T,(,u, where T is again the cosmo- 
logical time, and (, u are defined in the following way 



is 1 otherwise. 

Choose afflne coordinates of Minkowski space (y , 2/1,2/2) such that v = (0, 0, 1) 
and zq = (1,0,0). Thus the parametrization induced by coordinates T,(,u is 
given by 



where we have put (' = ( — ao/T. 

Denote by X the Lorentzian gradient of T. With respect to the frame 



the matrix (ho)ij of the flat Lorentzian metric ho is diagonal, and we have: 



(0, a ) x l Q 3 (t, y) h-> ay + tv V(a) 






(ho) 



11 — — 



1, (h) 



J 1 




where (' = ( — ao/T. We will also adopt the compact notation 
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Figure 4: The domain £q and its decomposition. A level surface £o(a) is also shown. 

Hyperbolic Coordinates We consider on Iq the orientation induced by P_. 
Let Xo G sl(2, C) be the standard generator of the rotation around Iq and consider 
the bent surface along l that is the P = P_Uexp(ao-^o)(P+)- The surface bounds 
a convex set in HI 3 . Let S denote the exterior of this convex set in H 3 . It is not 
hard to see that the image of D : U$ — > H 3 is contained in £ . Now we want to 
define C 1 -coordinates on E$. We know that the distance from P is a C 1 ' 1 function 
denoted by 5q. Moreover there is a Lipschitz retraction 

r : S -> P 

such that S(x) is the distance between x and r(x). Let F~ and F + respectively 
denote the intersection of Sq with the orthogonal planes to H 2 and exp(aoA A )(lH[ 2 ) 
along l . We have that 5 and r are smooth on the complementary regions of 
P _ U P + . More precisely So — F~ — F + is the union of 3 dihedral angles. P^ 
is on the boundary of one of them, say S^, whereas denote by II the third one. 
We have that on S ~ the function 5 coincides with the distance from H 2 , on Sq it 
coincides with the distance from exp(aoXo)(M 2 ) and on II it coincides with the 
distance from Iq. 

Now consider the level surface Sq(o) = 5 _1 (a). It is a C 1 -surface moreover 
the intersections with Sq, S ~ and IT give rise to a decomposition of Sq(o) in 
three pieces, say £q(o), £q{cl) and 11(a). The retraction on £q(o) and So (a) is 
a scaling of a factor cha so they are isometric to chao • Pt- On the other hand 
the retraction on 11(a) is not injective. Consider for any x G 11(a) the angle a(x) 
that the ray [r(x),x] forms with the normal to H 2 . Then we have that the map 

11(a) 9j;h (r(x),a(x)) G [0, a ) x Z 
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is a diffeomorphism. Moreover it induces a geodesic orthogonal product structure 
on 11(a). The map r restricted to vertical leaves is a scaling of a factor 1/cha 
whereas the map a restricted to horizontal leaves is a scaling of a factor 1/sh a. 
Thus we have that 11(a) is a Euclidean band of width equal to [0, ctosha]. 
Now let d a denote the intrinsic distance on the surface £o(a) and l a be boundary 
geodesic of £q(cl). Let us consider the point z a G l a such that r(z a ) = z . (Notice 
that a ^ z a parameterizes the geodesic starting from zq orthogonal to H 2 . Now 
it is easy to see that for every x G So( a ) there is a unique point n(x) G l a such 
that d a (x, l a ) = d a (x, n(x)). Thus we consider on S a the coordinates 5, r], s where 
5 is the distance function and the others are defined in the following way 

r}(x) = e(x)ds( x )(x,l S ( x ))/ch(5(x)) 
s(x) = e'(x)d 5 ( x )(iT(x),zs( x ))/ch(5(x)) 

where e(x) (resp. s'(x)) is — 1 if x G Sq (resp. ir(x) is on the left of zs( x )) and is 
1 otherwise. In the hyperboloid model of H 3 let us identify H 2 to the hyperbolic 
plane orthogonal to (0, 0, 0, 1) and l to the geodesic with end-points (1, —1, 0, 0) 
and (1, 1, 0, 0). The parametrization of S induced by 5, (, s is the following one 

ch<5 (chr/chs, chr/shs, shr], 0) + sh 5(0, 0, 0, 1) 
if 7] < ; 

V 



(s,r),5) ^ < 



7/ 



cho"(chs, shs, 0,0) + sh.5 ( 0, 0, —sin — — : , cos 

\ tghd tgho 

if r] G [0,a o tgho] ; 

ch.5 (chrj'chs, chrj'shs, shr^'cosao) shr^'sincto) + 
+sh5(0, 0, — sina: , cosao) 
if 7] > «otgh 5. 



where rj' — rj — a tgh5. 

Let Y denote the gradient of 5. With respect to the frame 



ei—Y e 2 = 



d_ 
drj 



e 3 = 



d_ 

ds 



the hyperbolic metric is written in this way 

f (e 1 ) 2 + ch 2 o((e 2 ) 2 + ch 2 r / ( e 3 ) 2 ) 
g(5, V ,s) = { (e 1 ) 2 + ch 2 o((e 2 ) 2 + (e 3 ) 2 ) 

[ (e 1 ) 2 + ch 2 5((e 2 ) 2 + ch 2 (V)(e 3 ) 2 ) otherwise 

where r{ — r\ — aotgh 5. 



if rj < 

if rj G [0, a tgh(5] 



Local map Denote by B the cocycle associated to the domain Uq. An easy 
computation shows that B ((T, u, £), (1, 0, 0)) is the identity if ( < 0, and is 
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the positive rotation around l of angle mm(T(, a ) otherwise. Thus if we put 
d = arcthl/T we can deduce 



D (T,u,() = < 



' chrf(chCchM, chCshw, shC, 0) + shd(0, 0,0,1) 
' if C < ; 

chd(chtt, shu, 0,0) + shd(0, 0, — sinT£, cosT£) 
if Ce [0,ao/r] ; 

did (ch^'chw, ch^'shw, sh^'cosao, sh^'sinao) + 
+shd(0, 0, — sinao, cosa ) 
[ ifC>a /T. 

where (' = ( — a /T. With respect to the coordinates (T, (,u) and (5,r],s) the 
function D : Uq — > H 3 takes the form 

5(D (p)) = arcth(l/T(p)) 

v(D (p)) = C(p) 
s(D (p)) = u(p) . 

Thus D is a C 1 homeomorphism, C 2 -almost every-where with second derivative 
locally bounded. Now we want to compute the pull-back D* Q (g) of the hyperbolic 
metric. First notice that 

™-<«> = 9n 
= Ts ■ 

Now notice that the flow lines of X are transformed in the flow lines of Y so 
(D )*(X) = f'Y. In order to compute / notice that 

g(Y, (DoUX)) = (D UX)(6) = X(D*(5)) = 
= X(arcth(l/T)) = 1/(1 - T 2 )X(T) = 1/(T 2 - 1) . 



Thus we have 



(DoMX) 



1 



J^2 



-Y. 



Finally, an easy computation shows that 

(D o y(g) = W {x i 

V ' (T 2 -l 



(ho) 



Finite laminations Suppose that A is a finite lamination on H 2 . We want to 
reduce this case to the previous one. In fact, we will show that for any p e U\ 
there exist a small neighbourhood U in U\, an isometry 7 of Xo and an isometry 
a of H 3 such that 

I. 7 (17) C W . 
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2. 7 preserves the cosmological times, that is 



r( 7 (p)) = Up) 

for every p £ U 
3. We have 

ffoZ} A (p) = Z} o 7 (p) (9) 

for every p EU . 

First suppose that p does not lie in any Euclidean band. Fix e > so that the 
disk B e (x) in H 2 , with center at x — N(p) and ray equal to e, does not intersect 
any geodesic of A. Thus we can choose an isometry 70 of H 2 such that the distance 
between z = jo(x) and z is less than 2e. Now let us set U = N^ 1 (B e (x)) and 
7 — 7o — r '{p) (where r denotes here the retraction of U\). Finally let us set 
a = Bx(po,p). In fact we have 

D(0 = B x (Po,p)oD o 1 (0 

for £eU. 

If p lies in the interior of a band A = r _1 [r_,r + ] corresponding to a weighted 
leaf /, let I be an interval [s_, s + ] contained in [r_,r + ] centered in r(p) of length 
less than a and set U = r _1 (J). Let q be a point in U such that r(g) = s_ and 
iV(g) = N(p). Let 70 be an isometry of H 2 which sends N(q) onto z and Z onto 
lo) set 7 = 70 — '"(?)■ Now for £ 6 Z7 we have 

d a (0 = 4(po,3)A)(70- 

Finally suppose that p lies on the boundary of a band ^4 = r _1 [r_,r + ] corre- 
sponding to the weighted leaf /. Without lost of generality we can suppose that 
r(p) = r_. Now let us fix a neighbourhood U of p that does not intersect any other 
Euclidean band and such that r(U) fl [r_,r+] is a proper interval of length less 
than a . Let 70 G PSL(2,M.) send iV(p) onto z an d / onto Z ; set 7 = 7o — r{p). 
Also in this case we have 

D x ($ = B x (po,p)D (rt). 

General case Before extending this result to the general case we need some 
remarks about the regularity of D\, when A is finite. Clearly it is a smooth 
function outside the boundaries of the Euclidean bands. Moreover, we need the 
following estimate. We use the notations of the proof of Proposition 14.61 
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Lemma 4.10 Fix a bounded domain K ofM 2 , a bounded domain D of AiC{M 2 ) 
and 1 < a < b. For every finite lamination X in V let us set U\ = U\(K;a,b). 
Then there exists a constant C depending only on K , V and a, b such that the 
first and the second derivatives of D\ on U\ are bounded by C. 

Proof : For every point p of U\, the above construction gives us a neighbourhood 
W, an isometry 7^ of X , and an isometry aw of H 3 such that 

D\ = a w ° -Do lw ■ 

Moreover, we can choose W so small in such a way that is contained in 
Uq{B2oi {zq); a, b). Let us fix a constant C such that first and second derivatives 
of D are bounded by C on this set. Moreover it is easy to see that the families 
{'jw} an d {o~w} are bounded sets. Hence there exists a constant C" such that 
every first and second derivative of both j w and aw are bounded by C" . Thus 
we see that first and second derivatives of D\ are bounded by C = 27(C") 2 C'. 

■ 

We can finally prove Theorem 14.81 in the general case. Take a point p 6 U\ and 
consider a sequence of standard approximations A n of A on a neighbourhood K 
of the segment [N(p ), N(p)]. It is not hard to see that D\ n converges to D\ 
on U(K;a,b). On the other hand by Lemma 14.101 we have that D\ n is a pre- 
compact family in (^{U^K; a, b); H 3 ). Thus it follows that the limit of D\ n is a 
C 1 -function. Finally, as D\ n C 1 -converges to D\, the cosmological time of lA\ n 
C 1 -converges on U(K;a,b) to the one of U\, and the pull-back on U\ n of the 
hyperbolic metric is obtained via the determined WR, the same conclusion holds 
on U. 



4.3 On the geometry of M\ 

Let M\ be the hyperbolic 3-manifold arising by performing the Wick Rotation 
described in Theorem 14.81 So M\ consists of the domain U\{> 1) endowed with 
a determined hyperbolic metric, say g\. We are going to study some geometric 
properties of M\. As usual, T denotes the cosmological time of the spacetime 
tlx, and iV its Gauss map. 

Completion of M\ Let us denote by 5 the length-space-distance on M\ asso- 
ciated to g\. We want to determine the metric completion M\ of (M\,8). The 
following theorem summarizes the main features of the geometry of M\. The 
rest of the paragraph is devoted to prove it. 
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Theorem 4.11 (1) The completion of M\ is M\ = M\ U H 2 endowed with the 

distance 6 _ 

Hp,q) = S{p,q) ifp,qeM x 

S(p, q) = d m (p, q) ifp,qeU 2 

S(p, q) = lim S(p, q n ) if p G M\and q G H 2 

where (q n ) is any sequence in U\ such that T(q n ) = n and N(q n ) = q. The copy 
ofM 2 embedded into M\ is called the hyperbolic boundary dhM x of M\. 

(2) The developing map D\ continuously extends to a map defined on M\. 
Moreover, the restriction of D\ to the hyperbolic boundary dhM\ coincides with 
the bending map F\. 

(3) Each level surface of the cosmological time T restricted to U(> 1) is also 
a level surface in M\ of the distance function A from its hyperbolic boundary 
dfiM\. Hence the inverse WR is directed by the gradient of A. 

(4) M\ is a topological manifold with boundary, homeomorphic to R 2 x [0, +oo) . 
Moreover, M A (A < e) is a collar ofB 2 = d h M x . 

For simplicity, in what follows we denote by S both the distance on M\ and 
the distance on M A UH 2 . 

We are going to establish some auxiliary results. 

Lemma 4.12 The map N : M\ — > H 2 is 1-Lipschitzian. 

Proof : Let p(t) be a C^-path in M A . We have to show that the length of 
N(t) = N(p(t)) is less than the length of p(t) with respect to g\. (Since A^ is 
locally Lipschitzian with respect to the Euclidean topology N(t) is a Lipschitzian 
path in H 2 .) 

By deriving the equality 

pit) = r{t) + T{t)N{t) 

we get 

p[t) = r{t) + t(t)N(t) + T(t)N(t) 

As r and A^ are orthogonal to A^ (that up to the sign is the gradient of T) we 
have 

gxW),m = (T( ^ ( 5 1)2 + m \ _ i (m + T(t)N(t),f(t) + mmt)) . 

(10) 

By using inequality (0), we see that (r(t), N(t)j > 0, then we have 

gx(p(t),m) ^ r mf l (N(t),m) > (N(t),N(t)) ■ 
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Lemma 4.13 Let (q n ) be a sequence in M\. Then it is a Cauchy sequence if and 
only if either it converges to a point q^ G U\{> 1) or N(q n ) is a Cauchy sequence 
and T(q n ) converges to +00. 

Proof : Consider the function of M\ 

A = arctgh(l/T) . 

By using equation (jlOj) we can easily see that A is 1-Lipschitz function. So both 
N and A extend to continuous functions of M\ and if (q n ) is a Cauchy sequence in 
M\ then N(q n ) and arctgh (1/T(g n )) are Cauchy sequences. In particular either 
T(q n ) converges to a > 1 or to +00. In the first case it is not difficult to show 
that q n runs in a compact set of U\(> 1) so it converges to a point in U\(> 1). 

This proves the only if part. Now suppose (q n ) to be a sequence such that 
N(q n ) Xoo and T(q n ) — > +00. We have to show that (q n ) is a Cauchy sequence. 

Let us introduce the following notation: for p G IA\ and a > let p a denote 
the point on the orbit through p of the flow of N such that T(p a ) = a, that is 

Pa =r(p) + aN(p). 

We need the following statement proved in ^2] Prop. 7.1 . 

Denote by d a the intrinsic metric of the surface U\{a). Moreover for every point 
p EU\ and a > let p a = r(p) + aN(p). Then for every compact subset K ofM 2 
and for every e > there exists M > such that for p,q E N~ (K) we have 



-da(pa,q a )-dm(N(p),N(q)) 
a 



< e 



for every a > M. 



If S a denote the distance of the surface U(a) with respect to the metric g\ we see 
that 

&a — d a . 

Thus given a compact set K of H 2 containing N(q n ) and e > we can find M 
such that if a > M then 

\5 a (p a ,q a )-d M (N(p),N(q))\ <e . 

for every p,q such that N(p),N(q) G K. Let us set a n = T(q n ) and fix N such 
that a n > M if n > N . Now for n, m > N we have 

S(q n , Qm) < S(q n , (q m )a n ) + S(jq m , (q m )a n ) ■ 

Now the first term of this sum is less than e + d^(N(q n ), N(q m )) whereas the last 
term is less than the length of the arc c(t) = r(q m ) + (ta n + (1 — t)a m )q m . Since 
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the length of c m is less than arctgh (1/M) we get that (q n ) is a Cauchy sequence. 



Proof of statements (1) (2) and of Theorern \4-H\ ' From Lemma f4. 121 we have 
that the map N : M\ — > H 2 extends to a map on M\. Moreover Lemma 14.131 
implies that the map N restricted to dM\ = M\ — M\ is injective. We want to 
prove that it is an isometry. Take x, y G H 2 and p,q G M\ such that N(p) = x 
and N(q) = y. Paths (p a ) a >i and (q a )a>i converge as a — > +oo to points q^ and 
Poo of dM\. Moreover we have that 

<%oo,Poo) = lim S(qa,Pa) ■ 

a— >+oo 

Now S(q a ,p a ) < S a (q a ,p a ) and we know that S a (q a ,p a ) -> d H (^,y)- So we deduce 
that S(q 00 ,p 00 ) < da.{x, y)- On the other hand since iV is 1-Lipschitzian the other 
inequality holds. 

■ 

We are going now to prove statement (3) of the theorem. In fact we have 

Corollary 4.14 The function A is C . Moreover the following formula holds 

A(p) = arctgh (1/T(p)). 

For every point p G M\ the unique point realizing A on the boundary is N(p) and 
the geodesic joining p to N(p) is parametrized by the path 

c : [T(p), +oo) 3 t i ^ r(p) + tN(p) G M\. 

Proof : If p(t) is a C 1 -path it we have seen that 

^(p(t),p(t))>(T(t)) 2 /(T 2 -l) 2 

and the equality holds if and only if r(t) = and N(t) = 0. Thus we obtain 
A(p) > arctgh (1/T(p)). The path c has hyperbolic length equal to arctgh (1/T(p)) 
so A(p) = arctgh (1/T(p)). Moreover if p(t) is a geodesic realizing the distance 
A we have that f = and N = so p is a parametrization of c. 

■ 

Finally we want to show that M\ is a manifold with boundary dM\ = H 2 
homeomorphic to H 2 x [0, +oo). Notice that it is sufficient to show that the for 
every e > the set M\(A < e) is homeomorphic to H 2 x [0, e]. Unfortunately 
the map 

Ma (A <e)9ih (N(x), A(x)) G H 2 x [0,e] 

works only if Lw is empty. Otherwise it is not injective. Now the idea to avoid 
this problem is the following. Take a point zq G M\ and consider the surface 

H(zo) = {x G I + (r(z ))| (x - r(zo), a; - r(z )> = -T(z ) 2 }- 
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It is a spacelike surface of U\{> 1) (in fact M.(z ) is contained in U\(> a) for 
every a < T(z )). Denote by v the Gauss map of the surface H(z )- It sends the 
metric of M(z ) to the hyperbolic metric multiplied by a factor 1/T(z ). Now we 
have an embedding 

up : U(z ) x [0, +00) 3 (p, t) i-> p + tv(p) G U x {> 1) 

that parameterizes the future of H^o). Clearly if we cut the future of EI(zo) 
from M\ we obtain a manifold homeomorphic to R 2 x (0, +1]. Thus in order to 
prove that M\ is homeomorphic to R 2 x [0, 1] is sufficient to prove the following 
proposition. 

Proposition 4.15 The map ip extends to a map 

ud : U(z ) x [0, +00] i-> M A 
that is an embedding on a neighbourhood of dM x = H 2 in M x such that 

<p(p, +00) = v(p) . 

Proof : It is not hard to show that a fundamental family of neighbourhoods of a 
point v G H 2 = dM\ in M\ is given by 

V(v Q ;e,a) = {x e U\\d m (N(x),v ) < e and T(x) > a} U {v G B. 2 \d m (v , v ) < e} . 

Now we claim that for any compact H C U\, compact K C H 2 , and e, a > 
there exists M > such that 

p + tv G V(v ;e,a) 
for every po G iJ, f G if and t > M. 

Before proving the claim let us show that it implies the extension of tp defined 
in the statement of this proposition is continuous. Indeed if p n is a sequence in 
H(zo) converging to then v n = v(p n ) is a convergent sequence in H 2 with 
limit = v(p OCJ ). Thus if t n is any divergent sequence of positive numbers by 
the claim it follows that p n + t n v n — > in M^. 

Now, let us prove the claim. Let us set p(t) = po + tvo and denote by r(t), 
N(t), T(t) the retraction, the Gauss map and the cosmological time computed at 
p(t). Notice that T(t) > t + T(0) and since p runs in a compact set there exists 
m that does not depend on p and vq such that T(t) > t + m. 
On the other hand by deriving the identity 

p(t)=r(t)+T(t)N(t) 
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we obtain 

v = p{t) = r(t) + T(t)N(t) + t(t)N(t) . (11) 
By taking the scalar product with iV we obtain 

(v , N\ = (r, N\ + T (N, > . 

Since ch (d^(vo, N(t)) = — (v ,N(t)), the function 

t^d m (v ,N{t)) 

is decreasing. Thus there exists a compact set IcH 2 such that N(t) £ L for 
every p £ H , vq £ K, t > 0. It follows that there exists a compact set S in X 
such that r(t) £ S for every t > 0, po E H and t>o £ -K"- We can choose a point 
g £ X such that S C I + (5'). Notice that 

T{t) = yj- ( p (t)-r(t),p(t)-r(t)) < V 7 " (P(t)-q,p(t)-q) . 

By using this inequality it is easy to find a constant M (that depends only on H 
and K) such that 

T{t) <t + M. 
This inequality can be written in the following way: 

/ (T(s) - l)ds < M . 

On the other hand by using identity (fTTj) we have 

chdeK N(t)) = - (v ,N(t)} = f(t) 

so T > 1. It follows that the measure of the set 

7 £ = {s\t{s) - 1 > e} 

is less than M/e. Since T is concave, I £ is an interval (if non-empty) of [0, +oo) 

with an endpoint at 0. Thus I £ is contained in [0, M/e]. 

Finally we have proved that for t > max(M/e, a) we have T(t) > a and 

ch d m (v , N(t)) = - (v , N(t)) = T(t) < 1 + e . 

Thus the claim is proved. 

In order to conclude the proof we have to show that ip is proper and the image 
is a neighbourhood of H 2 = dM\ in M\. For the last statement we will show that 
for every Vq and e > there exists a > such that ^(t>o; e, a) C I + (H(2;o)). In fact 
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by using that N is proper on level surfaces we have that there exists a compact 
set S such that r(V(vo; e, a)) is contained in S for every a > 0. In particular it is 
easy to see that there exist constants c, d such that if we take p G V(v ] e, a) we 
have 

(p - r(z ),p- r(zo)) = -T(p) 2 + cT(p) + d . 

We can choose ao sufficiently large such that if T{p) > ao then (p — r ,p — r ) < 
—T(zo). So V(vo;e, a) C I + (H 90 ) for a > a . 

Finally we have to prove that if q n = <f(p n , t n ) converges to a point then p n is 
bounded in M.(zo)- 

Let us set p n (t) = p n + tv{p n ) = r n {t) + T n (t)N n (t). Since N n {t n ) is compact 
there exists a compact S such that r n {t n ) G S. Thus by arguing as above we see 
that there exist c,d > such that 

(q n - r(z ), q n - r(z )) < -T(q n f + cT(q n ) + d . 

Hence we can find M > such that 

T{q n ) <t n + M . 

On the other hand we have 

l-tn 

T{q n ) -t n > (- (N n {t),v{p n )) - l)ds . 
Jo 

Since — (N n (t), v{p n )) — 1 = T n — 1 is a decreasing positive function we have that 
for every e > 

<-(N n (t),v(p n )) <l+e 

for t n >t> M/e. In particular, for n sufficiently large we have that (N n (t n ),v(p n )) < 
2. Thus v (p n ) runs is a compact set. Since p n = v{p n ) + r Q conclusion follows. 

■ 

The proof of Theorem 14.111 is complete. 

Projective boundary of M\ We have seen that M\ is homeomorphic to 1R 2 x 
[0, +oo). Now let us define M\ = M\ U U\(l). Clearly M\ is homeomorphic to 
1R 2 x [0, +oo]. In this section we will prove that the map D\ : M\ H 3 can be 
extended to a map 

D x : M A - H 3 

in such a way that the restriction of D\ on U\(l) takes value on = <9H 3 and 
is a C 1 -developing map for a projective structure onU\(l). 
In fact for a point p G Wa(1) we know that the image via D\ of the path (pt)t>i is 
a geodesic ray in H 2 starting at F\(N(p)). Thus we define D\(p) to be the limit 
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point in of this geodesic ray. It is not hard to prove that such an extension is 
continuous. Moreover we will prove the following theorem. In the statement we 
use the lamination A on the level surface U\{1) defined in Sectional 

Theorem 4.16 The map D\ : U\{\) — > is a local C 1 -conformal map. In 
particular it is a developing map for a projective structure on U(l). 
The canonical stratification associated to this projective structure coincides with 
the stratification induced by the lamination A and its Thurston metric coincides 
with the intrinsic spacelike surface metric k\ on ■ 

Remark 4.17 Let us remind the notion of canonical stratification and Thurston 
metric mentioned in the above statement (see f3 12] for details). In general, if 
D : M — > S 2 ^ is a developing map for a projective structure of "hyperbolic type" 
on M, let us define an open round ball in M to be a subset A of M such that the 
restriction of D on it is a homeomorphism onto a round ball of S^. One can see 
that a round ball A in M is maximal (with respect to the inclusion) if and only 
if its closure A is not compact in M. Moreover, D(A) is contained in D(A). Let 
A = D(A) — D(A) and denote by A' the pre-image in A of the convex core of 
A with respect to the hyperbolic metric of D(A). Now for every point p G M 
there exists a unique maximal ball A p such that p G A' . So the family {A^} 
furnishes a stratification of M by hyperbolic ideal convex sets. We call it the 
canonical stratification. The Thurston metric is a C 1 ' metric h on M such that 
h(p) coincides with the hyperbolic metric of A p . 

Proof : The first part of this theorem is proved just as Theorem 14.81 In fact 
an explicit computation shows that D\ : U(l) — > S 2 is a C 1 -conformal map if A 
is a weighted geodesic. Thus it follows that D\ is a C 1 -conformal map if A is a 
simplicial lamination. Then by using standard approximations we can prove that 
D\ is a C -conformal map. Indeed U\(l) can be regarded as the graph of a C 1 - 
function (f \ defined on the horizontal plane H = {x = 0}. Moreover if A„ — ^ A 
on a compact set K, then ip\ n converges to <p\ on H{K) = {x\N(ip(x), x) G K} 
in C 1 -topology. Thus by using parametrizations of U\ n {l) given by 

<*Xn(x) = {<fx n (x),x) 

we obtain maps 

d Xn : H(K) - Si . 

The same argument used in Theorem 14 .81 shows that d\ n converges to d\ on H(K) 
in C 1 -topology. Finally if k n is the pull-back of k\ n on H(K), we have that k n 
converges on H(K) to the pull-back of k\. Since d\ n : (H,g n ) — > Si is a con- 
formal map by taking the limit we obtain that d\ is a conformal C 1 -map on H(K). 



49 



The proof of the second part of the statement is more difficult. Consider 
the round disk Do in S 2 such that <9Do — <9IHI 2 that is the infinite boundary of 
the right half-space bounded by H 2 in H 3 . Notice that the retraction D — > H 2 
is a conformal map (an isometry if we endow D with its hyperbolic metric). 
We denote by a : H — > Do the inverse map. With this notation the map 
D\ :U(1) — > can be expressed in the following way: 

D x (p) = B(p ,p)a(N(p)) . 

Now for every point p 6 W(l) let us consider the round circle D p = B(p ,p)(JB) ) 

and define A p to be the connected component of D^" 1 (D P ) containing p. 

We claim that if we consider on D p the hyperbolic metric go p then for q G A p we 

have 

where k x is as usual the intrinsic metric of U x and rj is a positive number such 
that 

logr/> / 5(t)dn(t) + a(p,q) . (12) 

J[N(p),N(q)] 

where S(t) is the distance of N(q) from the piece of A containing N(t) and a(p, q) 
is defined in the following way: a(p, q) — if N(p) ^ N(q) and otherwise a(p, q) = 
(r(p) — r(q),r(p) — r(q)) 1 ^ 2 . 

Before proving the claim, let us show how we can conclude the proof. We have 
that D\ : A p — > D p strengthens the lengths. Thus a classical argument shows 
that it is a homeomorphism. Since A p is not compact in it is a maximal 

round ball. If F p is the stratum of A through p then D\\p v = B(p ,p) o N. Thus 
the image of F p in D p is an ideal convex set. Moreover if A' p is the stratum 
corresponding to A p the same argument shows that F p C A' p and in particular 
A' p is the stratum through p. 
Now 

(D x )* jP : T p U x (l) -> T Da(p) D p 

is a conformal map, moreover its restriction on T p F p is an isometry (with respect 
to the hyperbolic metric of D p ). Thus it is an isometry and this shows that k x 
coincides with the Thurston metric. 

Finally we have to show that F p = A' p . If q ^ F p , formula (fE?|) implies that 

(£> A ) M : T q U x {\) -> T Dx[q) 3 p 
is not an isometry. Thus A p is different from A q and q ^ A' . 

Now we have to prove the claim. The following lemma gives the estimate we 
need. 
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Figure 5: On the left it is shown how disks Dj intersect each other. On the right 
picture shows that if (fTl]) is not verified then lfT3|) does not hold. 



Lemma 4.18 Let I be an oriented geodesic ofV> . Denote by R G PSL(2,C) 
the rotation around the corresponding geodesic ofM 3 with angle a. Take a point 
p G Do in the right half-space bounded by I and suppose R(p) G Do- Then if g is 
the hyperbolic metric on Do we have 

R*(g)(p) = v(p)g(p) 

where r](p) = (cos a — sh (d) sin a)" 1 where d is the distance from p and I. 

Proof : Up to isometries we can identify Do with the half-plane {(x, y)\y > 0} in 
such a way that / = {x = 0} is oriented from towards oo. In this coordinates 
we have 

R(x, y) = (cos ax + sin ay, — sin ax + cos ay) . 

Since p is in the right half-plane bounded by / then its coordinates (x, y) are both 
positive. Moreover as R(p) G Do we have that y/x > tana. Now by an explicit 
computation we have 

R*{g)ip) = — (dx 2 + dy 2 ) 

cos ay — sin ax 

then we see that r]{p) = (cos a — wsina) -1 where u = x/y. On the other hand 
by classical hyperbolic formulas we have that x/y = shd where d is the distance 
of p from I. 

■ 

Now let us consider both the cases when A is a simplicial lamination and 
N(p) = N(q). Up to post-composition with an element of PSL(2,C) we can 
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suppose that the point p is the base point so D p is D . Take q G A p and consider 
a path c in A p containing p and q. It is not hard to see that the intersection 
of every stratum of A with A p is convex. Thus we can suppose that c intersects 
every leaf at most once. 

Denote by l , l\, . . . , l n the leaves intersecting N(c) and let be the re- 

spective weights with the following modifications. If q lies in a Euclidean band 
denote by a n the distance from the component of the boundary of the band that 
meets c. In the same way if p lies in a Euclidean band a\ is the distance of p\ 
from the component of the boundary hitted by c. Finally if p and q lie in the 
same Euclidean boundary (that is the case when N(p) = N(q)) then n = 1 and 
a\ is the distance between r{p) and r(q) (that is by definition a(p,q)). 

Let us set Bi = exp(aiXi) o • ■ ■ oexp(ajXj) where Xj is the standard generator 
of the rotation around /j. Notice that B n = B(p, q). 

We want to prove that gGD, = Z?j(Do). In fact we will prove that Dj D Do is 
a decreasing sequence of sets (with respect to the inclusion). By the hypothesis 
on c we have that Dj n D 7^ 0- Moreover if we denote by X* +1 the standard 
generator along the geodesic = then 

exp(tX* +1 )D, ; n D + (13) 

for < t < cij_i_i (in fact there exists a point q' G c lying on the Euclidean band of 
U{1) corresponding to U + i with distance from the left side equal to t and D\(q') 
lies in the intersection (fT3*|) ). Now by induction we can show that 

f D n D m c D n D, 

[ the component of <9Dj — <9/.* containing does not meet Do . 

In fact suppose D fl D i+1 to be not contained in D D Dj. Since Dj + i is obtained 
by the rotation along whose end-points are outside D it is easy to see that 
there should exist t < a i+ i such that exp(t X* +1 )'Di does not intersect D (see 
Fig. ED. 

Let gi denote the hyperbolic metric on Dj. We have that D* x (g n ) is the intrinsic 
metric on U(l). Moreover we have that 

gi(D x (q)) = r] l g l+1 (D x (q)) 

with = cosaj — Mjsinaj where «j = shrfj where di is the distance of N(q) 

n-l 

from Zj. Since rj = J^J r/j we obtain 

— log r] = log(cos aj) + log(l — Ui tan dj) . 
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Now logcos(aj) < — a 2 /2 and log(l — i^tanc^) > diCti so we get 

log?? > ^didi + a(p,q) . 

Now if the lamination is not simplicial and N(p) ^ N(q) by using a sequence of 
standard approximations we obtain the result. 



Corollary 4.19 Every level surface U\(a) is conformally flat. So it carries a 
natural complex structure. 

Proof : The map 

U\ 3 x t— > tx G Utx 
rescales the metric by a factor t 2 . Moreover, it takes U\(l/t) onto U t \(l). 

■ 

4.4 T-invariant constructions 

Assume that the lamination A is invariant for the action of a discrete group T, 
that is A is the lifting of a measured geodesic lamination on the hyperbolic surface 

F = H 2 /r. 

The following lemma, proved in determines the behaviour of the cocycle B\ 
under the action of the group T. 

Lemma 4.20 Let A be a measured geodesic lamination on M 2 invariant by the 
action ofT. Then if B\ : H 2 x H 2 -> PSX(2, C) is the cocycle associated to A we 
have 

B\(-yx, jy) = 7 o B(x, y) o 7^ 

for every 7 G T. 

m 

Now if we fix a base point Xq G H 2 we can consider the bending map 

F x : e 2 -> H 3 . 

If we define 

/i A ( 7 ) = B x (x , 7x0) o 7 G PSL(2, C) 

Lemma [4.2UI implies that h\ : T — > PSL(2,C) is a homomorphism. Moreover by 
definition it follows that i*\ is ZiA-equivariant. 

On the other hand we have seen that there exists a homomorphism 

fx : T -> Iso (X ) 
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such that IA\ is /x-invariant and the Gauss map is /A-equivariant that is 



N{fx{l)(p)) = l(N(p)) . 
By using this fact it is easy to see that 

B\(f\(l)p, fx(l)q) = lB\(p, q)T X - 

hence that 

Dx(fx(l)p) = Ul)(D x (p)) . 

In particular we have that the map D\ is a developing map for a hyperbolic 
structure on M\/f\(Y). The completion of such a structure is a manifold with 
boundary homeomorphic to F x [0, +00). The boundary is isometric to F . 

The map D\ : U\{Y) — > S 2 is ZiA-equivariant so it is a developing map for a 
projective structure on U\(l)/Y. 

Notice that given a marking F — > U\(l)/ f\(Y), by using the flow of the gradient 
of the cosmological time, we obtain a marking F — > U\(a)/ f\(Y). Thus we obtain 
a path in the Teichmiiller-like space of projective structures on F and clearly an 
underlying path of conformal structures in the Teichuller space of F. 

Cocompact T-invariant case If the group V is cocompact, we can relate this 
construction with the Thurston parametrization of projective structures on a base 
compact surface S of genus g > 2. In fact it is not hard to see that the projective 
structure on U\{1) / f\(T) is simply the structure associated to (T, A) in Thurston 
parametrization (here we take S = F). We have that the conformal structure on 
U\(l)/T is the grafting of H 2 /Y along A (see (221I26J). It follows that the surface 
U\{a)/ fx(Y) corresponds to gr\/ a (F); a \— > \U\(a) / f\(Y)] is a real analytic path 
in the Teichmiiller space T g . Such a path has an endpoint in T g at F as a —>■ +00 
and an end-point in Thurston boundary dT g corresponding to the lamination A 
(or equivantely to the dual tree S). 

5 Rescaling: flat towards de Sitter Lorentzian 
geometry 

On the de Sitter space Let us consider the 4-dimensional Minkowski space- 
time (1R 4 , (•, •)) and set 

± 1 = {ve M 4 | (v,v) = 1} . 

It is not hard to show that X x is a Lorentzian sub-manifold of constant curvature 
1. Moreover the group 0(3, 1) acts on it by isometries. This action is transi- 
tive and the stabilizer of a point is 0(2,1). It follows that Xi is an isotropic 
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Lorentzian spacetime and 0(3, 1) coincides with the full isometry group of X x . 
Notice that Xi is orientable and time-orientable. In particular S0 + (3, 1) is the 
group of time-orientation and orientation preserving isometries whereas SO (3, 1) 
(resp. + (3, 1)) is the group of orientation (resp. time-orientation) preserving 
isometries. 

The projection of X x into the projective space P 3 is a local embedding onto 
an open set that is the exterior of the Klein model of H 3 in P 3 (that is a regular 
neighbourhood of P 2 in P 3 ). We denote this set by X x . Now the projection 
7r : Xi — > Xi is a 2-fold covering and the automorphism group is {±Id}. Thus 
the metric on Xi can be pushed forward to Xi. In what follows we consider 
always Xi endowed with such a metric and we call it the Klein model of de 
Sitter spacetimes. Notice that it is an oriented spacetime (indeed it carries the 
orientation induced by P 3 ) but it is not time-oriented (automorphisms of the 
covering Xi — > Xi are not time-orientation preserving). 

Since the automorphism group {±Id} is the center of the isometry group 
of 0(3, 1) it is not hard to see that Xi is an isotropic Lorentz spacetime. The 
isometry group of Xi is 0(3, 1)/ ± Id. Thus the projection + (3, 1) — > Iso(Xi) 
is an isomorphism. 

Since Xi is isotropic, a Lorentzian metric on a manifold M with constant 
curvature 1 is equivalent to a (Xi, Iso(Xi))-structure. Thus for every de Sitter 
spacetime M we have a developing map D : M — > Xi and an holonomy repre- 
sentation h : 71"! (M) — > + (3, 1), which are compatible in the sense stated in the 
Introduction. 

We give another description of Xi. Given a point o G Xi, notice that v 1 
cuts H 3 along a totally geodesic plane P + (v). In fact we can consider on P+(v) 
the orientation induced by the half-space U(v) = {x G H 3 | (x,v) < 0}. In this 
way X x parameterizes the oriented totally geodesic planes of PI 3 . If we consider 
the involution given by changing the orientation on the set of the oriented totally 
geodesic planes of PJ 3 , then the corresponding involution on Xi is simply v t— > —v. 
In particular, Xi parameterizes the set of (un-oriented) hyperbolic planes of H 3 . 
For v G Xi we denote by P(v) the plane corresponding to v. For 7 G + (3, 1) we 
have 

P{ 1X ) = 7 (P(x)) 
(notice that + (3, 1) is the isometry group of both Xi and H 3 ). 

Just as for H 3 , the geodesies in Xi are obtained by intersecting Xi with linear 
2-spaces. Thus geodesies in X x are projective segments. It follows that, given 
two points p, q G X 1; there exists a unique geodesic joining them. 

A geodesic line in Xi is spacelike (resp. null, timelike) if and only if it is the 
intersection of Xi with a spacelike (resp. null, timelike) plane. For x G Xi and a 
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vector v tangent to X x at x we have 



if (v,v) — l exp x (tv) = costx + sintv 

if (v, v ) = exp x (tv ) = x + tv 

if (i>,i>) = — 1 exp x (tv) = chtx + shtv. 

This implies that a complete geodesic line in Xi is spacelike (resp. null, timelike) 
if it is a complete projective line contained in Xx (resp. it a projective line tan- 
gent to H 3 , it is a projective segment with both the end-points in <9HI 3 ). Spacelike 
geodesies have finite length equal to ir. Timelike geodesies have infinite Lorentz 
length. 

Take a point x G H 3 and a unit vector v G T X M 3 = x ± . Clearly we have v G X4 
and x G T„Xi. Notice that the projective line joining [x] and [v] in P 3 intersects 
both H 3 and Xi in complete geodesic lines c and c*. They are parametrized in 
the following way 

c(t) = [ch tx + sh tv] , 
c*(t) = [chtv + shtx] . 

We say that c* is the geodesic dual to c. They have the same end-points on 
that are [x + v] and [x — v]. Moreover if d is the geodesic ray starting from x 
with speed v the dual geodesic ray (c')* is the geodesic ray on c* starting at v 
with the same limit point on as c'. 

Canonical Rescaling Let us use notations introduced in the previous section. 
Given a measured geodesic lamination A on H 2 we shall construct a map 

D*:U X (< 1)->X! 

that, in a sense, is the map dual to the map D constructed in the previous section. 
We shall prove that such a map is C 1 and the pull-back of the de Sitter metric is 
a rescaling of the flat metric of U\. The idea to construct D* is very simple. In 
fact if s is a geodesic integral line of the gradient of cosmological time we know 
that s>i = s H U\{> 1) is taken by D onto a geodesic ray of H 3 . We define D* 
on s<i in such a way that it parameterizes the dual geodesic ray in Xi. 
Let us be more precise. Consider the standard inclusion H 2 C H 3 . Since H 2 is 
oriented there is a well-defined dual point v G X x (that is the positive vector of 
the normal bundle). 

Now let us take the base point Xq G H 2 for the bending map and a corresponding 
point po G For p EU\ let us define 

v(p) = B x (po,p)v G Xi 

x(p) = B x (p ,p)N(p) = F x (N(p)) . 
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Figure 6: The domain U\ and its decomposition. 



Thus let us set 

D*(p) = [chr(p)v(p) + sh. r(p)x(p)] 
where we have put r(p) = arctghT(p). 

Theorem 5.1 The map 

D* : U x (< 1) -> Xi 

is C 1 -local diffeomorphism. The pull-back of the metric of Hi is the rescaling of 
the metric ofU\{< 1) along the gradient ofT with rescaling functions 



(1-T 2 ) 2 H 1-T 2 ' 

Proof : The proof of this theorem is quite similar to the proof of Theorem 14.81 In 
fact by an explicit computation we get the result in the case when A is a weighted 
geodesic. Thus theorem holds when A is a simplicial lamination. Moreover by 
proving the analogous of Lemma f4. 101 and using standard approximations we ob- 
tain the proof of the general case. 

We shall explicit describe how to make the computation when the lamination 
is a weighted geodesic. Then the same arguments of Theorem 14.101 work in the 
same way and we omit details. 

Thus let us fix a weighted geodesic (l , a ) with a < ir. We have seen that 
the image of D Q is the exterior £ of the convex set bounded by the bent surface 
P = P_ U exp(aoX)P + . Now it is not hard to show that the image of -Dq is 
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the set of points in Xi whose dual plane are contained in So- In fact for a point 
p G U\{< 1) the plane dual to B(po,p)vo separes the exterior of So from the plane 
dual to Dq(p). On the other hand if the plane dual P(v) to v G X is entirely 
contained in So then there exists a unique point x' on it and x on dSo such that 
the distance between P(v) and dSo is equal to the distance between x and x . 
If c is the geodesic ray starting from x towards x' we have that this geodesic is 
orthogonal to P(v) at x' and the normal plane Q(v) to c at x is a support plane 
for H 3 — So- Thus we have that c is the image through D of an integral line of the 
gradient of CT. The dual geodesic ray c* is contained in the image of D*. Since 
P(v) is orthogonal to c at x' we have v G c*. 

Denote by U\ the image of Dq. For every point v G Ui let us set u{v) the 
dual point of the plane Q(v). Clearly u(v) is a point on the boundary of U\ and 
there exists a unique geodesic timelike segment between v and u(v) contained in 
U\. Notice that the image of u is the set of points dual to planes obtained by 
rotating H 2 along l by angle less than a - In particular it is a geodesic spacelike 
segment of X±. 

Then let us set t(v) the proper time of such a segment. By making compu- 
tation it is not hard to see that r is a C 1 -submersion taking values on the whole 
(0, +00). The integral line of the gradient of r through a point v is the geodesic 
ray between v and u(v). 

Given a point v G U\ let n(v) be the intersection of the projective line through 
v and u(y) with dSo (by the above discussion it follows that such a point is well- 
defined). We denote by Uf{a) = n~ 1 (int(P ± )) n U x {t = a) and Vi = n -1 (Z ). 
Notice that we have 

Ui(a) = M _1 (f ) nWi(r = a) , 

Vi(a) = M _1 ([t;o,exp(ao^o)^o]) nWi(r = a) , 

Ui(a) = -u _1 (exp(Q; Xo)fo) nWi(r = a) . 

It is not hard to show that the map n restricted to U^(a) is a dilatation of a 
factor (sha) -1 whereas the map 

Vi(a) 9dh G [u , exp(a ^o)^o] x ^0 

sends the metric on Vi(a) onto the metric 

(ch a) 2 dw + (sh a) 2 dt 

where u and t are the natural parameters on [vq, exp(a ^o)' u o] an d ^o- 

Now denote by 5 a the intrinsic distance on the surface Ui(a). For every point 
v G Wi(a) denote by n(v) the point on l a = dU{(a) that realizes the distance of 
l a from v. Let us fix a point p G /o an d denote by w a the point on l a such that 
n(w a ) = po- Then consider the functions 

U(v) = 5 T{v) (v,l T(v)) /sh(T(v)) 
Z(v) =<J T ( t ,)(7r(u),tt; T ( w ))/sh(r(u)) . 
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We have that (r, U, Z) are (^-coordinates on U\. Moreover by using coordinates 
(T, u,() on W (< 1) and (t, U, Z) on U\ we have 

r(L>*(7>,C)) = arctgh(T) , 
U(D*(T,u,C))=u, 
Z(D*(T,u,()) = ( ■ 

Then by making computations in these coordinates it is not hard to obtain that 
the pull-back of the de Sitter metric on Uq{< 1) is the rescaling of the flat metric 
along the gradient of T with rescaling functions 

(1-T 2 ) 2 ' 1 (1-T 2 ) ' 

■ 

Corollary 5.2 The map D* extends to a continuous map 

U x (< 1) U E -> Xi U S 2 . 
Moreover D* restricted to U\{1) coincides with D. 

The extension of D* on U\(l) follows by construction. On the other hand, we see 
that the cocycle B is induced by a cocycle 

5:ExS^ SO + (3,l) 

and D* can be extended on S by put 

D*(r) = B(r(p ),r)v . 

m 

Remark 5.3 Notice that the above construction allows to identify S with the 
space of maximal round balls of U\(l). 

In what follows, we denote by li\ the domain U\(< 1) endowed with de Sitter 
metric induced by D*. 

Proposition 5.4 The cosmological time ofU\ is 

t = arctgh (T). 

Every level surface U\{j = a) is a Cauchy surface (so Lt\ is globally hyperbolic) . 
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Proof : Let 7 : [0, a] — > U\ denote a timelike-path with future end-point p 
parametrized in Lorentzian arc-length. Now as path in U\ we have a decomposi- 
tion of 7 

7(t)=r(t)+T(t)N(t) . 
By computing derivatives we obtain 

7 = r + TN + TN 

so the square of de Sitter norm is 

-1 - f2 \r + TN\ 2 

(1— T 2 ) 2 1 — T 2 

where | • | is the Lorentzian flat norm. It follows that 

f 



1 < 



'1 — T 2 ) 
and integrating we obtain 

arctghT(p) — arctghT(O) > a 

that is the de Sitter proper time of 7 is less than arctghT(p). On the other hand 
the path ^(t) = r{p) + tN{p) for t e [0,T(p)] has proper time arctghT(p) so we 
obtain that the cosmological time of U\ is 

t = arctghT . 

Now let 7 : (a, b) — > U 1 (A) be an inextendable timelike-curve parametrized 
in Lorentz arc-length such that 7(0) = p. We want to show that the range of 
T(t) = T( 7 (t))is(0,l). 

Suppose P = supT(t) < 1. Since T(t) is increasing then (3 = limT(t). Then 

the path 

c(t) = r(t) + N(t) 

should be inextendable (otherwise we could extend 7 in Li]). Now we have 

c=f+N. 
For t > we have T(t) > T(p) = T so 

T \c\ < \r + TN\ 
Multiplying by the rescaling horizontal factor we have 

^0 ,., Ir + 7W| 

c < 



VI - T 2 ' ' ~ VI - T 2 ' 
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Since T(t) < (3 < 1 it results 

T \r + TN\ 

By looking at equation (fT5|) we deduce 

T t 

Thus the length of c is bounded. On the other hand since U\(l) is complete it 
follows that c is extendable. Thus we have proved that supT(t) = 1. The same 
computation applied to 7(0, 0) shows that inf T(t) = 0. 

■ 

T-equivariant constructions Suppose A to be a measured lamination of H 2 
invariant by the action of a group T in PSL(2, R). We have seen that there exists 
an affine deformation of T 

f x :T^ Iso (Xo) 

such that U\ is /x(r)-invariant and the Gauss map is /x-equivariant. Moreover 
in the previous section we have constructed a representation 

h x : r -> PSL(2X) = SO + (3,l) 

such that 

Dofrfr) =h x {l)oD for 7 er. 
Now it is straightforward to see that the same holds changing D by D*. 

Cocompact T-invariant case When T is cocompact, we know that /A(r) 
acts properly on U\ and the quotient Y\ is the unique future-complete maximal 
globally hyperbolic spacetime diffeomorphic to H 2 /r x R with holonomy fx- On 
the other hand /A(r) acts by isometries on the rescaled spacetime U\. We want to 
relate this construction with Scannell's classification of de Sitter spacetimes [26j. 

We have seen that given a projective surface F it is possible to construct a 
hyperbolic manifold H(F) (the iJ-hull). Now Scannell makes a dual construction 
that produces a de Sitter spacetime U(F) homeomorphic to -Fx (0, 1) that satisfies 
the following conditions 

1. It is globally hyperbolic. 
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2. Its developing map extends to a map 

dev. Fx (0, 1] i-> Xi U dM 3 

such that the restriction of dev to the slice F x {1} is the developing map 
for the projective structure on F . 

We call U(F) the standard spacetime associated with F. In fact by construction 
it is not hard to see that Y x x = ti\/ f\(Y) is the standard de Sitter space-time 
associated to U\(l)/f\(T) (that we have seen carries a natural projective struc- 
ture) . So by Scannell's classification theorem of de Sitter maximal hyperbolic 
spacetimes we obtain the following theorem 

Theorem 5.5 The correspondence 

Yx - 

induces a bijection between flat maximal globally hyperbolic spacetimes and de 
Sitter maximal globally hyperbolic spacetimes. 

m 

Remark 5.6 In general we see that the correspondence 

U x U\ 

induces a bijection between regular domains with surjective Gauss map and stan- 
dard de Sitter spacetime corresponding to projective surface with pleated locus 
isometric to H 2 . 

6 Rescaling: Flat towards 

Anti de Sitter Lorentzian geometry 

The AdS canonical rescaling runs parallel to the WR of Section In fact, every 
spacelike plane P is a copy of M 2 into the Anti de Sitter space X_ x . So the core 
of the construction consists in a suitable bending procedure of P along any given 
A E AiC(M 2 ). However, in details there are important differences. 

6.1 Anti de Sitter space 

We recall some general features of the AdS local model that we will use for the 
rescaling. In particular, both spacetime and time orientations will play a subtle 
role, so it is important to specify them carefully. 
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Let M 2 (R) be the space of 2 x 2 matrices with real coefficients endowed with 
the scalar product rj induced by the quadratic form 

q(A) = - det A . 

The signature of rj is (2, 2). 
The group 

SL(2, R) = {A\q(A) = -1} 

is a Lorentzian sub-manifold of M 2 (R), that is the restriction of rj on it has 
signature (2, 1). Given A, B e SL(2, R), we have that 

q(AXB) = q(X) for X E M 2 (R) 

Thus, the left action of SL(2, R) x SL(2, R) on M 2 R given by 

(A,B)-X = AXB- 1 

preserves rj. In particular, the restriction of rj on SL(2, R) is a bi- invariant 
Lorentzian metric, that actually coincides with its Killing form. Notice that 
for X, Y e sl(2, R) we have the usual formula. 

trXY = 2r](X, Y) . 

We denote by X_i the pair (SL(2, R),rj). Clearly X_ x is an orientable and time- 
orientable spacetime. Hence, the above action is a transitive isometric action of 
SL(2, R) x SL(2, R) on X_i. 

The stabilizer of Id G X_ x is the diagonal group A = SL(2, R). It is not 
difficult to show that the differential of isometries corresponding to elements in 
A produces a surjective representation 

A^SO+(sl(2,R),r ?/d ) . 

It follows that X_i is an isotropic Lorentzian spacetime and the isometric action 
on X_i induces a surjective representation 

$ : SL(2, R) x SL(2, R) -> Lso (X_i). 

Since ker $ = (—Id, —Id), we obtain 

Iso (X_i) = SL(2, R) x SL(2, R)/(-Id, -Id). 

The center of Isoo(X_i) is generated by [Id, — Id] = [—Id, Id]. Hence, 77 induces 
on the quotient 

PSL(2,R) = SL(2, R)/±Id 

an isotropic Lorentzian structure. We denote by X_i such a spacetime and call it 
the Klein model of Anti de Sitter spacetime. Notice that left and right translations 
are isometries and the above remark implies that the induced representation 

$ : PSL(2,R) x PSL(2,R) -> Iso (X_i) 

is an isomorphism. 
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The boundary of X_i Consider the topological closure PSL(2, R) of PSL(2, R) 
in P 3 = P(M 2 (K)). Its boundary is the quotient of the set 

{XeM 2 (R)-{0}|g(X) = 0} 

that is the set of rank 1 matrices. In particular, dPSL(2, R) is the image of the 
Segre embedding 

P 1 x P 1 3 ([v], H) i-> [v <g> w] G P 3 . 

Thus dPSL(2,R) is a torus in P 3 and divides it in two solid tori. In particular, 
PSL(2, R) topologically is a solid torus. 

The action of PSL(2, R) x PSL(2, R) extends on the whole of X_i. Moreover, 
the action on P 1 x P 1 induced by Segre embedding is simply 

(A,B)(v,w) = (Av,B*w) 

where we have set B* = (B~ l ) T and considered the natural action of PSL(2,R) 
on P 1 = <9H 2 . If E denote the rotation by n/2 of R 2 , it is not hard to show that 

EAE- 1 = (A- 1 ) 7, 

for A G PSL(2,R). 

It is convenient to consider the following modification of Segre embedding 

S : P 1 x P 1 3 ([v], [w]) ^{v® {Ew)\ G P 3 

With respect to such a new embedding, the action of PSL(2, R) x PSL(2, R) on 
<9X_i is simply 

(A,B)(x,y) = (Ax,By). 

In what follows, we will consider the identification of the boundary of X_i with 
pi x pi 

given by S. 

The product structure on <9X_x given by S is preserved by the isometries of 
X_i. This allows us to define a conformal Lorentzian structure (i.e. a causal 
structure) on <9X_i. More precisely, we can define two foliations on <9X_i. The 
left foliation is simply the image of the foliation with leaves 

/ [ „] = {(N,H)|[x]gp 1 } 

and a leaf of the right foliation is the image of 

r [ v] = {([v]MMeV L }- 

Notice that left and right leaves are projective lines in P 3 . Exactly one left and 
one right leaves pass through any given point. On the other hand, given right 
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leaf and left leaf meet each other at one point. Left translations preserve leaves 
of left foliation, whereas right translations preserve leaves of right foliation. 

If we orient P 1 as boundary of H 2 , we have that leaves of right and left 
foliations are oriented. Thus if we take a point p G <9X_i, the tangent space 
T p (9X_i is divided by the tangent vector of the foliations in four quadrants. By 
using orientation of leaves we can enumerate quadrants in the usual way. Thus 
we can consider the 1 + 1 cone at p given by choosing the second and fourth 
quadrants. We make this choice because in this way the causal structure on 
<9X_! is the "limit" of the causal structure on X_i in the following sense. 
Suppose A n to be a sequence in X_i converging to A G <9X_ 1; and suppose 
X n G TA n X_! to be a sequence of timelike vectors converging to X G T^9X_i, 
then X is non-spacelike with respect to the causal structure of the boundary. 
Notice that oriented left (resp. right) leaves are homologous non-trivial simple 
cycles on <9X_i, so they determines non-trivial elements of H 1 (9X_i) that we 
denote by cl and cr. 

Geodesic lines and planes Geodesies in X_i are obtained intersecting pro- 
jective lines with X_ x . 

A geodesic is timelike if it is a projective line entirely contained in X_i; its 
Lorentzian length is ir. In this case it is a non-trivial loop in X_i (a core). Take 
x G X_i and v G T x X_i a unit timelike vector. If x is a pre-image of x in X_i 
and v G T^X_i is a pre-image of v, then we have 

exp^. tv = [cos tx + sin tv] . 

A geodesic is null if it is contained in a projective line tangent to dX-i. Given 
x G X_i, and a null vector v G T x X_i, if we take x and v as above we have 

exp^, tv — [x + tv] . 

Finally a geodesic is spacelike if it is contained in a projective line meeting 
<9X_! at two points; its length is infinite. Given x G X_i and a unit spacelike 
vector v at x, fixed x and v as above, we have 

exp^, tv = [ch tx + sh tv] . 

Geodesies passing through the identity are 1-parameter subgroups. Elliptic 
subgroups correspond to timelike geodesies, parabolic subgroups correspond to 
null geodesies and hyperbolic subgroups are spacelike geodesies. 

Totally geodesic planes are obtained intersecting projective planes with X_i. 

If W is a subspace of dimension 3 of M 2 (M) and the restriction of rj on it has 
signature (m + ,m_), then the projection P of W in P 3 intersects PSL(2,R) if 
and only if m_ > 0. In this case the signature of P n X_i is (m+, m- — 1). Since 
r) restricted to P is a flat metric we obtain that 
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1. If P n X_i is a Riemannian plane, then it is isometric to H 2 . 

2. If P fl X_i is a Loretzian plane, then it is a Moebius band carrying a de 
Sitter metric. 

3. If P fl X_i is a null plane, then P is tangent to <9X_i. 

In particular, since every spacelike plane cuts every timelike geodesies at one 
point, we obtain that spacelike planes are compression disks of X_i. The bound- 
ary of a spacelike plane is a spacelike curve in <9X_i and it is homologous to 
cl + c R . 

Every Lorentzian plane is a Moebius band. Its boundary is homologous to 
cl - c R . 

Every null plane is a pinched band. Its boundary is the union of one right 
and one left leaf. 



Duality in X_i The form r\ induces a duality in P 3 between points and planes, 
and between projective lines. Since the isometries of X_i are induced by linear 
maps of M 2 (K) preserving rj, this duality is preserved by isometries of X_i. 

If we take a point in X_i its dual projective planes defines a Riemannian plane 
in X_i and, conversely, Riemannian planes are contained in projective planes dual 
to points in X_i. Thus we have a bijective correspondence between points and 
Riemannian planes. Given a point x G X_ l5 we denote by P(x) its dual plane 
and, conversely, if P is a Riemannian plane, then x(P) denote its dual point. If 
we take a point x G X_i and a timelike geodesic c starting at x and parametrized 
in Lorentzian arc-length we have that c(ir/2) G P(x). Moreover, this intersection 
is orthogonal. Conversely, given a point y in P(x), there exists a unique timelike 
geodesic passing through x and y and such a geodesic is orthogonal to P(x). By 
using this characterization, we can see that the plane P(Id) consists of those 
elliptic transformations of H 2 that are the rotation by n at their fixed points. In 
this case an isometry between P(Id) and H 2 is simply obtained by associating to 
every x G P(Id) its fixed point in H 2 . Moreover, such a map 

/ : P(Id) -> e 2 

is natural in the following sense. The isometry group of P(Id) is the stabilizer 
of the identity, that we have seen to be the diagonal group A C PSL(2, R) x 
PSL(2,R). Then we have 

I o (7,7) =70/. 

The boundary of P(Id) is the diagonal subset of <9X_i = P 1 x P 1 that is 

dP(Id) = {(x,x) G dX^\x G P 1 } . 
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The map / extends to P(Id), by sending the point (x, x) G dP(Id) on x G P 1 = 

dm 3 . 

The dual point of a null plane P is a point x(P) on the boundary <9X_!. It 
is the intersection point of the left and right leaves contained in the boundary of 
that plane. Moreover, the plane is foliated by null-geodesics tangent to <9X_x at 
x(P). Conversely, every point in the boundary is dual to the null-plane tangent 
to <9X_i at x. 

Finally the dual line of a spacelike line I is a spacelike line 1* . Actually I* is the 
intersection of all P(x) for x G I. I* can be obtained by taking the intersection 
of null planes dual to the end-points of I. In particular, if x_ and x + are the 
end-points of I, then the end-points of /* are obtained by intersecting the left leaf 
through £_ with the right leaf through x + , and the right leaf through x_ with 
the left leaf through x + , respectively 

There is a simple interpretation of the dual spacelike geodesic for a hyperbolic 
1-parameter subgroup /. In this case I* is contained in P(Id) and is the inverse 
image through I of the axis fixed by I in H 2 . Conversely, geodesies in P(Id) 
correspond to hyperbolic 1-parameter subgroups. 



Orientation and time-orientation of X i In order to define a time-orientation 
it is enough to define a time orientation at Id. This is equivalent to fix an ori- 
entation on the elliptic 1-parameters subgroups. We know that such a subgroup 
T is the stabilizer of a point p G H 2 . Then we stipulate that an infinitesimal 
generator X of T is future directed if it is a positive infinitesimal rotation around 
p. 

A spacelike surface in a oriented and time-oriented spacetime is oriented by 
means of the rule: first the normal future-directed vector field. So, we choose 
the orientation on X_i that induces the orientation on P(Id) that makes I an 
orientation-preserving isometry. 

Clearly orientation and time-orientation on X_i induces orientation and a 
time-orientation on the boundary. With respect to these choice we have that left 
leaves are future-oriented whereas right leaves are past oriented. 

If Cl and Cr are no-where vanishing vector fields on <9X_! respectively tangent 
to left and right foliations then the ordered pair (ej?(x), e^x)) for a positive basis 
of T x dH-i for every point x G <9X_i. 

6.2 AdS Bending Cocycle 

The original idea of bending a spacelike plane in X_i was already sketched in 
[23] . We go deeply in studying such a notion and we relate it to the bending 
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cocycle notion of Epstein and Marden. 

Let us describe first a rotation around a spacelike geodesic I. By definition 
such a rotation is simply an isometry T which point-wise fixes /. Up to isometries 
/ can be supposed lying on P = P(Id). We know that the dual geodesic /* is a 
hyperbolic 1-parameter subgroup. 

Lemma 6.1 Let I be a geodesic contained in Po and I* denote its dual line. For 
x E I*, the pair (x,x~ x ) E PSL(2,R) x PSL(2,R) represents a rotation around 
I. The map 

R:l*3x^(x, x- 1 ) E PSL(2, R) x PSL(2, R) 
is an isomorphism onto the subgroup of rotations around I. 

Proof : First of all, let us show that the map 

X_i 3 y ' — ^ xyx E X_i 

fixes point- wise / (clearly / is invariant by this transformation because so is /*). 
If c is the axis of i in H 2 , we have seen that / is the set of rotations by ix around 
points in c. Thus it is enough to show that if p is the fixed point of y then 

xyx(p) = p . 

If we orient c from the repulsive fixed point of x towards the attractive one, x(p) 
is obtained by translating p along c in the positive direction, in such a way that 
d(p,x(p)) is the translation length of x. Since y is a rotation by n along p, we 
have that yx{p) is obtained by translating p along c in negative direction, in such 
a way d(p,yx(p)) = d(p,x(p)). Thus we get xyx(p) = p. 

Now R is clearly injective. On the other hand, it is not hard to see that the group 
of rotations around a geodesic has dimension at most 1 (for the differential of a 
rotation at p E I fixes the vector tangent to I at p). Thus R is surjective onto the 
set of rotations around I. 

■ 

Corollary 6.2 Rotations around a geodesic I act freely and transitively on the 
dual geodesic I* . Such action induces an isomorphism between the set of rotations 
of I and the set of translations of 1* . 

Moreover, by duality, we have that rotations around I acts freely and transi- 
tively on the set of spacelike planes containing I. Thus, given two spacelike planes 
Pi, P2 such that I C Pi, then there exists a unique rotation T lj2 around I such 
thatT h2 {Pi) = P 2 . 
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Figure 7: (exp(— tX), Id) rotates planes around I in the positive sense. 



Given two spacelike planes Pi, P 2 meeting each other along a geodesic I, we 
know that the dual points Xi = x(Pi) lie on the geodesic I* dual to I. Then we 
define the angle between Pi and P 2 as the distance between x\ and x 2 along I*. 
Notice that: 

The angle between two spacelike planes is a well-defined number in (0, +00). 

This is a difference with respect to the hyperbolic case, that shall have important 
consequences on the result of the bending procedure. 

Corollary 6.3 An isometry T o/X_i is a rotation around a geodesic if and only 
if it is represented by a pair (x, y) such that x and y are hyperbolic transformations 
with the same translation length. 

Given two spacelike planes Pi,P 2 meeting along a geodesic I, let (x,y) be the 
rotation taking Pi to P 2 . Ifr is the translation length of x, then the angle between 
Pi and P 2 is t. 

Proof : Suppose (x, y) to be a pair of hyperbolic transformations with the same 
translation length. Then there exists z G P5X(2,R) such that zyz~ l = y^ 1 . 
Hence (l,z) conjugates (x, y) into (x, x^ 1 ). Thus (x, y) is the rotation along the 
geodesic (1,2:) _1 (7) where / is the axes of (x, x^ 1 ). 

Conversely, if (x, y) is a rotation, it is conjugated to a transformation (z, z^ 1 ) 
with z a hyperbolic element of PSX(2,R). Thus we obtain that x and y are 
hyperbolic transformations with the same fixed points. 

In order to make the last check, notice that, up to isometry, we can suppose 
Pi = P(Id). Thus, if (XjX" 1 ) is the isometry taking Pi onto P 2 , then the dual 
points of Pi and P 2 are Id and x 2 respectively. Now if d is the distance of x 2 
from Id there exists a unitary spacelike element X e st(2, R) such that 

x 2 = ch dl + sh dX 
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Thus we obtain that tra; 2 = 2ch<i. On the other hand we know that trx 2 = 
2chu/2 where u is the translation length of x 2 . Since u = 2r the conclusion 
follows. 

■ 

If we orient a spacelike line I, there is a natural definition of positive rotation 
around I (depending only on the orientations of I and X_i). Thus, we can induce 
an orientation on the dual line I* by requiring that positive rotations act by 
positive translations on I*. 

In particular, if we take an oriented geodesic I in P(Id), and denote by X the 
infinitesimal generator of positive translations along I then it is not difficult to 
show that the positive rotations around I are of the form (exp(— tX), exp(tX)) for 
t > 0. Actually by looking at the action on the boundary we can easily deduce 
that both the maps (exp(— tX), Id) and (Id,exp(tX)) rotate planes through I in 
the positive direction (see Fig. EJ). 

We can finally define the bending at a measured geodesic lamination. First, 
take a finite measured geodesic lamination A of H 2 . Take a pair of points x, y £ M 2 
and enumerate the geodesies in A that cut the segment [x, y] in the natural way 
li, . . . , l n . Moreover, we can orient Zj as the boundary of the half-plane containing 
x. With a little abuse, denote by Z, also the geodesic in P(Id) corresponding 
to li, then let P(x,y) be the isometry of X_i obtained by compositionof positive 
rotations around Z, of angle aj equal to the weight of U. In particular, if X t denote 
the unit positive generator of the hyperbolic transformations with axis equal to 
li, then we have 

(3 x {x,y) = ((3.(x,y),P + (x,y)) e PSL(2,R) x PSL(2,R) where 
P-(x, y) = exp(-a 1 X 1 /2) o exp(-a 2 X 2 /2) o . . . o exp(-a n X n /2) 
f3+(x,y) = exp(a 1 X 1 /2) o exp(a 2 X 2 /2) o . . . o exp(a n X n /2) 

with the following possible modifications: a\ is replaced by cti/2 when x lies on 
li and a n is replaced by a n /2 when y lies on li The factor 1/2 in definition of j3± 
arises because the length translation of exptX is 2t. 

Notice that /3_ and (3+ are the Epstein-Marden cocycles corresponding to the 
real-valued measured laminations —A and A. Thus, we can define in general a 
bending cocycle 

P\(x,y) = (f3-(x,y),(3 + (x,y)) 

where /3_ and (3 + are the Epstein-Marden cocycles associated to the real-valued 
measured geodesic laminations —A and A. 

Remark 6.4 We stress that the above —A is just obtained from A = {£,, n) 
by taking the negative "measure" — /i. Although this is no longer a measured 
lamination in the sense of Section El the construction of does apply. In 
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Section [7| (and in the Introduction) we have used the notation —A in a different 
context and with a different meaning. 

The map (3\ verifies the following properties: 

1. (3\ (x, y) o (3\(y, z) = (3\(x, z) for every x,y,z G H 2 (this means that [3\ is a 
PSL(2,R) x PSL{2, Revalued cocycle); 

2. P\(x, x) = Id; 

3. (3\ is constant on the strata of the stratification determined by A. 

4. If A n — > A on a ^-neighbourhood of the segment [x,y] and x, y Liy, then 
P\ n { x iV) ~* Px(x,y). 

Take a base point xo in P(Id). The bending map of P(Id) with base point xo 
is simply 

y?A : P(Id) 3 x i /5a(x ,x)x. 

Proposition 6.5 TTie map y?A ^ aw isometric C° '-embedding of M 2 into X_i. 
T/ie closure of its image in X_i zs a closed disk and its boundary is an achronal 
curve c\ o/9X_i. T/ie convex hull K\ of c\ in X_i /ias iwo boundary components: 
the past and the future boundaries (resp. d_K x and d + K\). The map <p x is an 
isometry ofM 2 onto d + K\. 

Proof : By using a sequence of standard approximations, we can show that cpx is 
a local isometrical embedding of M 2 into X_i. Now, by a result proved in (2B], a 
local isometrical embedding of a complete Riemannian surface into X_i is a an 
isometrical embedding, and the closure of the image in X_x is homeomorphic to 
a closed disk with an achronal boundary contained in 9X_i. 

Denote by c\ the boundary of the image of <p\. By Lemma 7.5 of [23], we 
know that there exists a plane P disjoint from c\. Thus, we can consider the 
convex hull K\ of c\ in M. 3 = P 3 — P (such a set does not depend on the choice 
of the plane P). Since c is achronal, it is not hard to see that K\ is contained in 
X_i, and dK\ n 9X_i = c\. Actually K\ is the convex hull of c\. We want to 
show that the image of <p\ is d+K. For a point xetf denote by F x the stratum 
through x. We have that ^\{F X ) = P(x ,x)I(F x ). Thus v ? a(-^t) is the convex 
hull of its boundary points. On the other hand, that points are on c\ and so we 
have that ip\(x) lie in K\. 

Let P x denote the plane fl(xo,x)(P(Id)) and Q x denote the plane dual to 
f3\{x). Clearly P x and Q x are disjoint (in fact the dual point of Q x lies in P x ). 
Thus X_i — (P x U Q x ) is the union of two cylinders C-(x),C+(x). The closure 
of C-(x) has past boundary equal to Q x , whereas the past boundary of C + (x) 
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P x . Now it is not hard to show that the image of (fx is contained in the closure 
of C-(x). Actually this is evident if A is a finite lamination and the general 
statement follows by an usual approximation argument. It follows that c\ is 
contained in C_(x) and so K\ too. Since <p\{x) is in the future boundary of 
C-(x), it follows that it is in the future boundary of K\. 

■ 

Let U = be the flat Lorentzian spacetime corresponding to A, as in Section 
El Just as in the hyperbolic case we want to "lift" the bending cocycle (3\ to a 
continuous bending cocycle 

Px'MxU -> PSL(2, R) x PSL(2, R) . 

The following lemma is an immediate consequence of Lemma 3.4.4 (Bunch of 
geodesies) of [TE] applied to real-valued measured geodesic laminations. 

Lemma 6.6 For any compact set K in H 2 and any M > 0, there exists a con- 
stant C > with the following property. Let A = (C,fi) be a measured geodesic 
lamination of H 2 such that fj,*(J\f(K)) < M. For every x,y G K and every 
geodesic line I of £ that cuts [x,y], let X be the unit infinitesimal positive gen- 
erator of hyperbolic group of axis I and m be the total mass of [x, y] . Then we 
have 

\\P\{x,y) - (exp(mX),exp(-mX))|| < Cmd m (x,y). 

(We consider on PSL(2,M.) x PSL(2,M) the product norm of the norm of 
PSL(2,R).) 

■ 

By using this lemma we can prove the analogous of Proposition 14.21 The 
proof is similar so we omit the details. 

Proposition 6.7 A determined construction produces a continuous cocycle 
Px : U{1) x U{1) -»■ PSL(2, R) x PSL(2, R) 

such that 

$xM=P\(N(p),N(q)) 

for p,q such that N(p) and N(q) do not lie on Lw- Moreover, the map f3\ is 
locally Lipschitzian. For every compact subset K on U{1), the Lipschitz constant 
on K depends only on N(K) and on the measure n*(J\f(N(K))). 

■ 

Finally we can extend the cocycle (3 on the whole U by requiring that it is 
constant along the integral geodesies of the gradient of the cosmological time T. 
In particular, if we set r(l,p) = r(p) + N(q) G U(l), then let us define 

P(p,q) = P(r(l,p),r(l,q)). 



72 



Corollary 6.8 The map 



(3 x :UxU^ PSL(2, R) x PSL(2, R) 

is locally Lipschitzian (with respect to the Euclidean distance on IA). Moreover, 
the Lipschitz constant on K x K depends only on N(K),fi*(Af(N(K))) and the 
maximum and the minimum ofT on K. 

IfKi — > A on a e -neighbourhood of a compact set H ofW 2 , then B\ n converges 
uniformly to B\ on U(H; a, b) (that is the set of points in IA sent by Gauss map 
on H and with cosmological time in the interval [a, b}). 



6.3 The canonical AdS rescaling 

In this section we define a map 

A A : Ul -> X_i 

such that the pull-back of the Anti de Sitter metric is a rescaling of the flat metric 
along the gradient of the cosmological time. A main difference with respect to 
the WR map of Section 0] shall be that the AdS developing map A\ is always an 
embedding onto a determined convex domain V\ of X_i. 

The AdS spacetime lA^ 1 We know that the image of (p\ is a spacelike C°- 
surface. We can consider its domain of dependence lA^ 1 , that is the set of points 
such that every causal curve starting from them intersects the image of <p\. 
It is possible to characterize lA^ 1 in a quite easy way: 

lA^ 1 is the set of points x such that the boundary of the dual plane P(x) does 
not intersect ex- 
it is not hard to see that U^ 1 is a convex set. 

Clearly d + K\ is contained in ti^ 1 . On the other hand, it is not difficult to 
show that d-K\ is contained in the closure of IA^ , and a point x E d-K\ does 
not lie in lA^ 1 if and only if there is a null support plane of K\ at x. Since both 
the boundaries of K\ are contained in the closure of lA^ 1 , we have that K\ is 
contained too. 

For a point x G dK\, the dual plane P(x) is disjoint from lA^ 1 . It follows that 
lA^ 1 does not contain any closed timelike curve. Thus, each component of dK\ 
is a Cauchy surface, and lA^ 1 is globally hyperbolic. 

On the other hand, if we take a support plane for dK\ at x, its dual point is 
on the boundary of lA^ 1 . 
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The past-side of U x Let us define V\ to be the past of the surface d + K\ = 
y? A (H 2 ) mU' 1 . 

Take a point p E V\ and let G + {p) be the set of points related to p by a 
future-pointing non-spacelike geodesic of length less than ir/2. For every point 
q £ G + (p), there exists a unique timelike geodesic contained in Q + {p) joining p 
to q. We define r(q) the length of such a segment. It is not hard to show that 
r is a strictly concave function, so its level surfaces are convex from the past. 
Since p E V\, we have that G + (p) H d+K\ is a compact disk. So there exists a 
maximum of r restricted to such a disk. Since d + K\ is convex from the past, 
such a point is unique, and we denote it by p+{p). The plane orthogonal to 
the segment [p, p+(p)] at p+(p) is a support plane for K\ at p+{p)- In fact this 
property characterizes the point p+(p)- We denote by p-{p) the dual point of 
that plane. We have that p lies on the future-pointing timelike segment joining 
P-ip) to p+(p). 

There is a foliation of V\ by timelike geodesies: for every p consider the 
geodesic [p_(p), p + (p)}. Thus we can define the function r on V\ by setting r(p) 
as the proper time of the segment [p-(p),p\- By direct computation, it follows 
that r is a C^-submersion of V\ taking values on (0, 7r/2), and the level surfaces are 
spacelike surfaces orthogonal to the geodesic foliation (that is obtained by taking 
the integral line of the gradient of r). Moreover, the map p + : V\{j = k) — > d + K\ 
is Lipschitzian and proper. In particular, the level surfaces are complete so that 
c A is the boundary of all of them. 

The AdS developing map A A The idea is to find a diffeomorphism from lA® 
to V\ which sends the integral lines of the gradient of the cosmological time onto 
integral lines of the gradient of r, and level surfaces of the cosmological time onto 
r-level surfaces. 

For every p E U®, we define x_(p) as the dual point of the plane P\(po,p)(P(Id)), 
and x + {p) = f3\(po,p)(N(p)). Thus let us choose representatives X-{p) and x + {p) 
in SL(2, M) such that x + (p), the geodesic segment between £_(p)and x + (p), is 
future directed. Let us set 

A x (p) = [cost(p)x_(p) + smT(p)x + (p)] 

where r(p) = arctanT(p) . 

Theorem 6.9 The map 

A A : Ul - X_x 

is a C 1 -diffeomorphism onto V\. Moreover, the pull-back of the Anti de Sitter 
metric is equal to the rescaling of the flat Lorentzian metric, directed by the gra- 
dient of the cosmological time T, with rescaling functions: 



(1 + T 2 ) 2 ' H 1 + T 2 ' 
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Figure 8: The domain V with its decomposition. Also the surface V(a) is shown. 

Proof : Clearly A A is continuous and takes values on V\. Now, for a point x G V\, 
let us set p + (x) and p~(x) as above. We know that there exists y G H 2 such that 
/9(a;o, y)I{y) = P+(x). If y does not lie on Lw, then there exists a unique support 
plane at p+(x) equal to P(xq, y)(H 2 ), and p_(:r) is its dual point. Moreover, 
N~ 1 (y) is a single geodesic c in The image of c through A A is the geodesic 
segment between p~(x) and p+(x). 

Suppose that p+(x) G Iw- Then there exists a unique point p G such 
that /3(po,p)(H 2 ) is the plane dual to p-(x). Thus, if c denote the integral line 
of the gradient of T, the image A A (c) is the geodesic between p~(x) and p + {x). 
Finally, we have that A A is surjective. An analogous argument shows that it is 
injective. 

In order to conclude the proof it is sufficient to analyze the map Aa in the case 
when A is a single weighted geodesic. In fact, if we prove the statements of the 
theorem in that case, then the same result will be proved when A is a finite 
lamination. Finally, by using standard approximations, we can achieve the proof 
of the theorem. 

Let us set A = (/o) a o) an d choose a base point x$ G H 2 — Iq. The surface 
d + K\ is simply the union of two half-planes P_and P+ meeting each other along 
a geodesic (that, with a little abuse of notation, we will denote by Z ). We can 
suppose Xq to be in P__, and / oriented as the boundary of P_. Let u± denote 
the dual points of the planes containing P±. Then the image of the map p_ 
is the segment on /q with end-points U- and u+. For x G V = V\ , let r(x) 
denote the Lorentzian length of the segment [p-(x),x]. It is not difficult to see 
that r is a (0, 7r/2)-valued C 1 -submersion and the gradient of r at x is a past 
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pointing unit timelike vector tangent to the segment \p_(p), p + (p)]. Denote by 
V(a) the level surface r _1 (a). It is a spacelike Cauchy surface. We can consider 
the decomposition of V(a) given by 



V~{a) = V(a) np^^intP-) , 
Q(a) = V(a) n p ; 1 (/ ) , 
p+(a) =V(a) np; 1 (intP+) . 

It is not hard to show that the map p + restricted to T >± (a) is a dilation of a factor 
(cosa) -1 , whereas the map 

Q(a) Bih (p_(x),p+(x)) G [u-,u+] x l 

sends the metric on Q(a) onto the metric 

(sina) 2 dw + (cosa) 2 dt 

where u and t are the natural parameters on [«_,«+] and/ . 

Denote by S a the intrinsic distance on the surface V(a), and by l a the boundary 
of V~(a). For every point x G V(a), denote by ir(x) the point on l a that realizes 
the distance of l a from x. Let us fix a point y G Z , and denote by y a the point 
on l a such that p+(y a ) = Vo- Then consider the functions 

a(x) = e(x)5 T(x) (x,l T(x) )/ sm(r(x)) 
£(x) = e(x)5 Tix) (-K(x),y T ( x) )/ sm(r(x)) 

where e(x) — — 1 if x G V~ and e(x) = 1 otherwise. The set of functions (r, cr, £) 
furnishes C 1 -coordiantes on V . Actually it v denote the tangent vector at y of 
Iq then it is not hard to see that the induced parametrization is given by formula 

sint (ch£(ch cn/ + shav ) + sh£X) + costld 
if£<0; 

sint (chen/o + shav ) + cost exp(£ tan tX) 
if £ G [0, «o/ tant] ; 

sint (ch£(chcn/o + shcrf )) + costexp(— a X/2)X + exp(—a X ) 
otherwise . 



{r, a, < 



By using these coordinates on V, and coordinates (T, u, () on Uo, we have 

t(A (T, u, £)) = arctan(T) 
<7(Ao(7>,C)) = u 

e(Ao(r,«,c)) = C- 

Then, by direct computation in these coordinates, it is not hard to obtain that 
the pull-back on U\ of the Anti de Sitter metric is the rescaling of the flat metric, 
directed by the gradient of T, with rescaling functions 



(1 + T 2 ) 2 ' ^ (1+T 2 ) 
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With a bit abuse of notation, we denote by V\ also the domain U x endowed 
with the Anti de Sitter metric induced by A\. We know that V\ is globally 
hyperbolic and the level surfaces U\{p) —V\{r — arctana) are Cauchy surfaces. 
By using the argument of Proposition E31 we can easily compute the cosmological 
time on V\. 

Corollary 6.10 The junction 

t = arctan(T) 

is the cosmological time on V\. The initial singularities ofU® and V\ coincide. 



WR: AdS towards hyperbolic geometry By composing A with the WR 
constructed in Section HJ we obtain a WR defined on U^ 1 (]ir / 4, tt/2[) C V\, 
directed by the gradient of the cosmological time r. Moreover, this WR extends 
continuously to the closure of U^ 1 (]n / 4, 7r/2[), producing a local homeomorphism 
onto the completion M\ of the hyperbolic manifold M\. In particular, this gives 
us a local isometry of the surface d + K\ onto the hyperbolic boundary of M\, 
which preserves the respective bending loci. 

6.4 AdS MC{M 2 )- spacetimes 

Recall that the flat A4£(IHI 2 )-spacetimes Li® are characterized as the flat regular 
domains in Xo with surjective Gauss map (Section |3J). In this section we want to 
characterize the Anti de Sitter spacetimes Uy , arising by performing the above 
canonical rescaling —* V\ C U\ ■ 

Take a globally hyperbolic Anti de Sitter spacetime M with a complete space- 
like Cauchy surface S, and suppose S to be simply connected. Then the restriction 
to S of a developing map d of M is an embedding onto a spacelike surface of X_i, 
and its closure in X_i topologically is a closed disk. In particular, its boundary, 
say c, is a achronal curve on the boundary of X_i. Denote by M C X_i the 
domain of dependence of d(S). It is not hard to see that d(M) is contained in 
M. Moreover, by an argument of Choquet-Bruhat and Geroch (see ^H] cap. 7) 
we have that d is an embedding of M into M. Thus M is a maximal globally 

hyperbolic spacetime. Notice that M fl <9X_! = c. Moreover, M is determined 
by c. In fact a point x G X_x lies in M if and only if the boundary of its dual 
plane does not intersect c. 

Take now a no-where timelike curve c in the boundary of X_i and denote M 
the maximal globally hyperbolic spacetime determined by c as above. Denote by 
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K the convex hull of c in X_i. For every point in the interior of K, its dual plane 
does not intersect c. Thus the interior of K is contained in M. This is called 
the convex core of the AdS spacetime M. The boundary of K in X_i has two 
connected components, the past boundary d_K and the future boundary d + K. 
The past of the future boundary of K in M is called the past side of M. 

In general d + K is an achronal surface. We say that it is spacelike if every 
support plane of K touching d + K is spacelike. In this case we have that there 
exists an intrinsic distance defined on d + K. In fact, since d + K is the boundary of 
a convex set, then given x, y £ d + K, there exists a Lipschitzian path c joining x 
to y (Lipschitzian with respect to the Euclidean distance onX_i). Moreover, the 
speed of c at t is defined for almost all t and lies on a support plane of d + K at c(t) 
(so it is a spacelike vector). We can define the length of c, and by consequence 
an intrinsic distance on d + K, by setting 8{x,y) the infimum of the Lipschitzian 
path joining x to y. By using that d + K is spacelike, it is not difficult to see that 
5 is locally equivalent to the Euclidean distance. 

We can finally state the characterization of A4.0M 2 )- AdS spacetimes. 

Theorem 6.11 The canonical rescaling (Theorem \6.9\) produces a bijectionU® <-> 
U^ 1 between the isometry classes of maximal globally hyperbolic flat spacetimes 
with surjective Gauss map and the isometry classes of maximal globally hyperbolic 
Anti de Sitter spacetimes with complete spacelike future convex-core boundary. 

The theorem will follows from the following proposition 

Proposition 6.12 If d + K is spacelike then it is locally C° -isometric to HI 2 . 
// it is a spacelike complete surface, then there exists a measured geodesic lami- 
nation A on H 2 such that d+K is the image of ip\. 

Proof : Take a point x G d + K. We want to define a sequence S n of spacelike sur- 
faces obtained by bending a spacelike plane P along a finite number of geodesies 
"converging" to d + K near x. Take a plane Q that does not intersect the bound- 
ary curve c and let M 3 be identified to P 3 — Q. Consider a countable dense subset 
{x n } in d + K with x% = x and, for every n, choose a support plane P n touching 
d + K at x n . Then, let K n the convex set obtained by intersecting the past of 
the planes Pi, . . . ,P n in X_i R M 3 . In general, its future boundary C n is not a 
pleated surface (it may contain vertices). However, take its boundary curve c n 
and consider the future boundary S n of its convex hull. It is not difficult to show 
that S n is a finite pleated surface. Notice that S n is contained in the intersection 
of the past of C n and the future of d + K. In particular, S n converges to d + K in 
a neighbourhood of x. 

Every compact neighbourhood of x in P is contained in the past side of the 
domain of dependence of S n , for n sufficiently large. Denote by p n the future 
retraction on S n . We have that S n is isometric to M 2 and we can choose the 
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isometry /„ so that I n o p n (x) is a fixed point of H 2 (that does not depend on n). 
We claim that I n o p n converges to a local isometry of d + K to H 2 . Denote by 9 n 
the cosmological time of the past side V n of the domain of dependence of S n , and 
by 9oo the cosmological time of the the past side V of the domain of dependence 
of d+K. For every compact set H in V U d+K there exists a constant n such that 
H C PnUS 1 ,,. Moreover, 9 n converges to 9^ in C°(P) HC^PnP). By using this 
fact we can prove that there exists a constant C such that 7 n op n 's are C-Lipschitz 
on H C\d+K. Thus they converge to a map Jqo. The same argument shows that 
Joo preserves the length of Lipschitzian paths. Thus it is a local isometry. 
If d+K is complete, then the map is an isometry. Moreover, the bending 
locus on d+K produces a geodesic lamination L on H 2 . If C n denote the geodesic 
lamination obtained pushing- forward the bending locus of S n , we can equip C n 
with a measure /i n defining the weight of I to be the bending angle of the cor- 
responding geodesic on S n . If c is a geodesic arc transverse to C it is not hard 
to see that it will be transverse to C n , for n sufficiently large. We want to show 
that A n = (£ n , n n ) tends to a lamination A = The construction of the 

measure p, is obtained in a way similar to the one used in ^1 for the boundary 
of the convex hull of a topological circle at infinity in the hyperbolic space. 
Let us take a path c on d+K transverse to the bending locus. Up to subdivi- 
sion, c can be supposed intersecting every bending line at most once. Take a 
dense set of points {x n } on c and choose for every point, a support plane P n . 
Notice that Pj n Pj is either empty or a geodesic line. If P^ meets Pj n Pj, then 
Pk PI Pi = Pi fl Pj = Pk n Pj. Thus the future boundary S n of the convex set 
obtained intersecting the past of Pj in X_i for i — 1, . . . , n is a finite bent surface. 
Define a n to be the sum of the bending angles along all the bending lines of S n . 
We claim that a n converges to and this number does not depend on choices 
we made. Assuming this last claim, then we can define the total mass of c as 
ctoo. In this way a measure transverse to the bending locus is defined on <9_i_.fr. 
Pushing forward this measure, we obtain a measured geodesic lamination A of 
H 2 . Since ot^ does not depend on the sequence of Pi the measure A is the limit 
of Afc. We see that the inverse of the isometry is tp\ (up to post-composition 
with an element of PSL(2,R) x PSL(2,R)). 

Just as in the hyperbolic case, the claim follows from the following Lemma 
that is the strictly analogous of Lemma 1.10.1 (Three planes) of [TB] . 

Lemma 6.13 Let Pi,P 2 ,P^ be three spacelike planes in X_i without a common 
point of intersection, such that any two intersect transversely. Suppose that there 
exists a spacelike plane between P 2 and P 3 that does not intersect P x . Then the 
sum of the angles between Pi and P 2 and Pi and P 3 is less than the angle between 
P 2 and P 3 . 

Assuming the lemma, the claim follows immediately. In fact the sequence of 
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bending angles (a n ) is decreasing, so it admits limit. Clearly the limit does not 
depend on the choice of planes (otherwise we should be able to construct another 
sequence that does not admit limit). 
It remains to prove the lemma. 

Proof of Lemma f 6'. 1 ffl Denote by Xi the dual point of Pj. The hypothesis 
implies that segment between Xi and Xj is spacelike, but the plane containing 
Xi, X2 and 23 is Lorentzian. The existence of a plane between P 2 andP3 implies 
that every timelike geodesic starting at X\ meets the segment [x 2 , £3]. Thus there 
exists a point u G [#2, £3] an d a unit timelike vector v G T u X_i orthogonal to 
[x2, X3], such that x\ = exp u (tt>). Choose a lift of [x 2 , £3], say [x 2 , £3], on X_i and 
denote by u the lift of u on that segment. Denote by l\ (resp. l 2 , I3) the length 
of the segment [x 2 ,x 3 ] (resp. [xi,x 3 ], [xi,x 2 ]). We have that 

ch li J \Xjj Xfc/ J 

where {i, j, k} = {1, 2, 3}. Now we have that X\ = costu + sintv so that 
I (xi,Xi) I = cost| (u, Xi) \. Hence 

ch l 2 + < ch 1' 2 ch / 3 < ch 1' 3 

where 1' 2 and 1' 3 are the length of [x 2 ,u] and [x 3 ,m]. Finally we have l 2 + h < 
1*2 + ^3 = 

■ 

The proof of the proposition is now complete. 



6.5 T- invariant rescaling 

Assume that A G M.C{M?) is invariant by the action of a group Y < PSX(2,R) 
acting freely and properly discontinuously on H 2 . That is, A is the pull-back of 
a measured geodesic lamination on the hyperbolic surface F = H 2 /r. Denote by 
(3 = (P-,P+) the PSL(2,R) x PSL(2, M)-cocycle associated to A. The cocycles 
/3_ and f3 + can be used to construct representations of Y into PSL(2, M.). In fact, 
if we choose a base point x G H 2 , we can define 

P-(l) = P-(x ,jx ) 07 , p+ (j) = f3 + (xo,<yx ) 07 . 

By using the bending rule it is quite easy to check that p_ and p + are rep- 
resentations, and that the respective conjugacy classes do not depend on the 
choice of the base point. If we consider the product representation p = (p_,p + ) 
taking values into PSL(2,~R) x PSL(2,M.), then the bending map ip\ is clearly 
p-equivariant (the same base point is used to define both the bending map and 
the representation p). 
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It follows that the domain is preserved by the action of F on X_i induced 
by p. Moreover, as the image of ip\ is a Cauchy surface of W^" 1 , the action of T on 
that domain is proper and free and the quotient is a maximal globally hyperbolic 
spacetime homeomorphic to F x M. 

Remind that a representation f\ of T into the isometry group of Minkowski 
space X is defined in Section in such a way that the domain W A is invariant 
by f\. Notice that by construction the rescaling developing map 

A A : Ul -> X_! 

satisfies the following condition 

A A o / A (7) = p{i) o A A . 

In particular, the rescaling on U\j 'f\(T), directed by the gradient of the cosmo- 
logical time T, with rescaling functions 



(1 + T 2 ) 2 ' 1 + T 2 

makes it isometric to the past side of U^ 1 / p(T). 



6.6 Earthquakes and AdS bending 

In this section we want to study more closely the boundary curve c\ that deter- 
mines a given AdS .M£(H 2 )-spacetime. 

Mess discovered in |23J a deep relationship between the classification of AdS 
globally hyperbolic spacetimes with compact Cauchy surfaces and Thurston's 
Earthquakes Theorem |29j . that we are going to summarize. 

Remind first, with the notations of the present paper, that A 6 M.£(W 2 ) 
produces a left earthquake (having A as shearing lamination) if the map 

£ :M 2 3 x^ (3 + {x ,x)x e M 2 

is bijective, and, in this case, there exists a unique continuous extension on = 
dM 2 that is a homeomorphism. Similarly for the right earthquake. 

Assume now that A is invariant under the action of a cocompact Fuchsian 
group T. Then: 

(1) Representations p_ and p + introduced in the above Section are cocom- 
pact Fuchsian representations of the same genus of T. Moreover, all ordered pairs 
(p_,p + ) of cocompact Fuchsian representations of a given genus g > 2 arise in 
this way (|2Hj). It is well known that there is an orientation preserving homeo- 
morphism of EI = M 2 U which conjugates the action of p_ on EI with the 
one of p + . Let us denote by u its restriction to S^. 
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(2) Thurston proved j2H] that there exists a unique p_ -invariant A' e M£{U 2 ) 
such that p + is given by the left eartquake produced by A', and this last contin- 
uously extends to by u. 

(3) In j2Sj, it is proved that A is the image of A'/2 = (£',/i'/2) via the left 
earthquake produced by A'/2, and the boundary curve c\ coincides with the graph 
of u. Similar results hold for the unique right earthquake from p + to p_. This 
implies, in particular that A itself generates both left and right earthquakes, but 
this is not a surprise in this case as it is a fact that any cocompact T-invariant 
lamination produces earthquakes. 

Similar facts hold, for instance, when V is not necessarily cocompact, but A is the 
pull-back of a measured geodesic lamination on F = H 2 /T with compact support. 

One might wonder the generalization of the above results to the full range of 
application of Thurston's Earthquake theorem, i.e. considering arbitrary orienta- 
tion preserving homeomorphisms of M 2 that continuously extend by homeomor- 
phisms, u say, of the boundary S^, as in the above point (1). 

We are going to see that this not exactly the case. 

First we characterize the spacetimes U^ 1 such that the corresponding curve 
at infinity C\ is the graph of a homeomorphism (recovering in particular the 
cocompact case): this happens iff A produces earthquakes. In general, c\ is just 
an achronal curve (see also the examples in Section JSJ). 

Later we will show examples of homeomorphism u of S , such that their graphs 
are not c\ for any U^ 1 (that is such a graph is associated to AdS spacetimes of 
more general type). In other words, we show a lamination A' that produces a left 
earthquake, but such that A'/2 does not. 

Theorem 6.14 Let A G AiC(M 2 ). Then the following are equivalent statements: 

1. The curve c\ is the graph of a homeomorphism of S^. 

2. Both left and right earthquakes with shearing locus equal to A are well- 
defined. 

Proof : If A is a finite lamination and Sl and £r denote the left and right 
earthquake along A, it is not hard to see that 

c x = {(£ R (x),£ L (x))\xeS 1 }. 

In particular, if A' is the image of A through £ R , we have that c\ is the graph of 
a left-earthquake with shearing lamination equal to 2A'. 

Suppose now that left and right earthquakes along A are well defined. Let 
A C denote the set of points that are in the boundary of some piece of A. 
Then it is easy to see that the set 

{(£ R (x),£ L (x))\x e A} 
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is contained in c\. On the other hand, the closure of this set is 

C = {(S R (x),S L (x))\xeS 1 OQ } 

that is the graph of a homeomorphism of S^. We can deduce that c\ = C and 
one implication is proved. 

Suppose now c\ to be the graph of a homeomorphism u. There exists a left 
earthquake 8 along A' such that £\ s i = u. On the other hand we can approximate 
£ by a sequence of left simple earthquakes £ n with shearing lamination equal to 
\' n . Denote by A n the image of the lamination \' n /2 by a left earthquake with 
shearing lamination equal to X' n /2. 

We know that the future boundary of the convex hull K n of c n is obtained 
by bending M 2 along A n . It is not hard to see that u n = Snls 1 converges to u 
at least on a dense subset given by points in the boundary of pieces of A'. Thus 
if c n denote the graph of u n we have that c n converges to c\ in the Hausdorff 
topology of X_i. Thus K n converges to K\ in the Hausdorff topology. It follows 
that A n converges to A. Since A n is a convergent sequence, it follows that A'/2 
gives rise to a left earthquake and the image of A'/2 is A. Thus A gives rise to a 
right earthquake. Moreover, since a left earthquake along A' is defined, we have 
that the left earthquake along A exists. 

■ 

Corollary 6.15 If c\ is the graph of a homeomorphism, then 

c x = {(S R (x),S L (x))\xeSl}. 



Example 6.16 We will make an example of a homeomorphism u of such 
that the future boundary of the convex core of its graph c is not a complete 
surface. In this way we will show an example of a homeomorphism such that its 
domain of dependence is not U^ 1 for any A G AiC(M 2 ). 

Take a geodesic ray r in H 2 starting from Xoo and denote by x n the point on 
the ray such that du(xoo,x n ) = 1/n. Let l n (resp. 1^) be the geodesic through 
x n (resp. Xoo) orthogonal to r and P n be the half-plane bounded by l n that does 
not contain Xoq. Finally let P be the half-plane bounded by containing all 
P„'s. Orient l n as boundary of P n and denote by X n the generator of the positive 
translation along l n . Finally fix x a point xq G Pi. For every x G P the geodesic 
ray between x and x meets only a finite number of k, say h, . . . , l n . Then define 

@±(x) = exp(±Xx) o exp(±X 2 ) o • • • o exp(±X n ) 
£±(x) = (3±{x)x . 

It is not hard to see that £± are injective functions that extend in a natural 
way to functions d^P — > S^. Moroever even if E± are not continuous their 
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Figure 9: The maps £± are injective. Since the geodesic Zqo escapes to infinity then 
they are also surjective. 

extension on the boundary are continuous. Now we claim that £± is surjective. 
The claim implies that the restriction of £± on d^P — d^l^ is injective and sends 
the end-points of on the same point. Now the map 

f :P 3x ^((3_{x),(5 + {x))I{x) 

(where I : M 2 — > P(Id) is the standard embedding) is an isometry onto the future 
boundary of the convex core of the curve 

c = {(S-(x),S + (x))\xed oc P} 

that is a graph of a homeomorphism. Since P is not complete so is that boundary 
component. 

Now let us sketch the proof of claim. If we set g n = exp Xi o ■ ■ ■ o exp X n we 
have to prove that the sequence of geodesies g n (l oo) is divergent. Now it is not 
hard to see the following facts 

1. g n is a hyperbolic transformation and its axis is contained in P — P 1 . 

2. The translation length of g n is greater than n. 

3. The distance of from the axis of g n is greater then 1/n. 

If z n denote the point on the axis of g n from l^, facts 2. and 3. imply that 
the distance of g n (l<x>) from z n tends to +oo. By point 1. we have that z n runs 
in a compact set and this imply that g n (loo) is divergent. 
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We want to remark that ^j£±(£i) are simplicial geodesic laminations C± of 

H 2 . If we consider the weight 1 on every leaf of £_ we have a measured geodesic 
lamination A_ that in a sense its the image of the initial "lamination". Notice 
that A_ does not produce earthquake whereas 2A_ gives rise to the eartquake 
such that c is the graph of its extension on the boundary. 

6.7 T- symmetry 

Let {U^ 1 )* the AdS spacetime obtained by reversing the time orientation. It 
is not hard to verify that the effect on the holonomy representation is just of 
exchanging 

(j>-,P+) *-> (fi+,P-) ■ 

When A is invariant for a cocompact Fuchsian group T, it follows from the results 
of the previous Section, that also (U^ )* is a AdS A4£(H 2 )-spacetime. More 
precisely 

(W A - 1 )*=W V 1 

where A* is the bending lamination of the past boundary of K\. Notice that if 
(A*)' produces a right earthquake conjugating p_ to p + then A* is the image of 
(A*)'/2 via the earthquake along (A*)'/2. 

So cocompact T-invariant AdS A / l£(H 2 )-spacetimes are invariant for this T- 
symmetry. The same fact holds, for instance, when T is not necessarily co- 
compact, but we consider laminations with compact support on the quotient 
hyperbolic surface. 

On the other hand, the T-symmetry is broken for general AdS AACiM 2 )- 
spacetimes. In other words, although the past boundary d_K and the future 
boundary d + K of the convex core share the same boundary curve c\, it actu- 
ally happens in general that d-K is not complete, that is (JA^ 1 )* is not a AdS 
A / i£(H 2 )-spacetime. In Section[H]we show some simple examples illustrating such 
broken T-symmetry. 

7 Moving along a ray of laminations 

In this section we fix a measured geodesic lamination A of H 2 , invariant by a 
group r < Iso + (H 2 ) that acts freely and properly on H 2 (possibly T = {Id}). 
Let us put F = H 2 /r. 

The ray of (T-invariant) measured laminations determined by A is given by 
t\ = (C,tfx), t > 0. So we have 1-parameter families of A^£(HI 2 )-spacetimes U]° x , 
of constant curvature k G {0, 1, —1}, diffeomorphic to FxR + , having as universal 
covering U^ x . We have also a family of hyperbolic 3-manifolds M t \, obtained via 
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WR. V t \ is contained in hi^ x l and is the image of the canonical rescaling of U^ x . 
Its universal covering is Vtx C Ut\- 

First, we want to (give a sense and) study the "derivatives" at t — of the 
spacetimes W tA , of their holonomies and "spectra" (see below). 



7.1 Derivatives at t = 

Derivative of spacetimes We set Ut\/t to be the spacetime of constant cur- 
vature t 2 n obtained by rescaling the Lorentzian metric of ZY tA by the constant 
factor 1/t 2 . We want to study the limit when t — > 0. For the present discussion 
it is important to remind that all these spacetimes are well defined only up a 
Teichmuller-like equivalence relation. So we have to give a bit of precision on 
this point. Fix a base copy of F x R + and let 

<p : F x R + -> U° x 

be a marked spacetime representing the equivalence classes of U®. Denote by ko 
the flat Lorentzian metric lifted on F x M + via (p. A developing map with respect 
to such a metric is a diffeomorphism 

D : F x M + -f Ul C X . 

Up to translation, we can suppose 6 Notice that, for every s > 0, the map 

g s : W° 3 z i— > S2 G X 

is a diffeomorphism onto W° A . Moreover, it is T-equivariant, where, T is supposed 
to act on (resp. W° A ) via fx (resp. / sA ) as established in Sectional Thus g s 
induces to the quotient a diffeomorphism 

such that the pull-back of the metric is simply obtained by multiplying the metric 
on IA X by a factor s 2 . 

Thus the metric k s = s 2 k makes F x R + isometric to W° A . We want to prove 
now a similar result for k = ±1. 

The cosmological time of (F x M + , fc s ) is r s = sr, where r is the cosmological 
time of (F x R + , &o). It follows that the gradient with respect to k s of r s does 
not depend on s and we denote by X this field. Now suppose re = — 1 and denote 
by /i s the metric obtained by rescaling fc s around X with rescaling functions 



(1+7?)'' ^ 1+7?- 



We know that (F x M. + ,h s ) is isometric to V s \- Moreover the metric h s /s 2 is 
obtained by a rescaling of the metric k along X by rescaling functions 



(1 + s 2 r 2 ) 2 ' 1 + s 2 t 2 ' 

Thus we obtain lim h s / s 2 = k. 

Finally suppose k — 1, then we can define a metric /^ on the subset Q s of 
F x R + of points {x|r s (x) < 1} = {x\r < 1/s} such that (Q s , h' s ) = U\. In fact 
we can set h' s to be the metric obtained by rescaling k s by rescaling functions 

a ^ 1 ,3 = ^- 
(l-riV p 1-rr 

Choose a continuous family of embeddings u s : F x R + — >• F x M + such that 

1. u s (F x R + ) = n s ; 

2. u s {x) = x if r(a;) < — . 

Then the family of metrics h s = u* s (h' s ) works. 

We can summarize the so obtained results as follows: 

Proposition 7.1 For every k = 0, ±1, 

lim -W x = U\ . 

■ 

For K = 0we have indeed the strongest fact that for every t > 

^ = Ul ■ 

Note that this convergence is in fact like a convergence of pointed-spaces; for 
example, the convergence of spacetimes ~^-t\ only concerns the past side of 
them, while the future sides simply disappear. 

Derivatives of representations We have seen that for any k G {0, 1, —1} the 
set of holonomies of U^ x gives rise to continuous families of representations 

p K t : T -> Iso(X K ) 

We want to compute the derivative of such families at t — 0. The following 
lemma contains the formula we need. In fact this lemma is proved in [22] ; and 
we limit ourselves to a sketch of proof. 
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Lemma 7.2 Let X be a complex- valued measured geodesic lamination on M 2 , 
and denote by E\ the Ep stein- Marden bending- quake cocycle. Fix two points 
x, y G M 2 then the function 

u x :C3 E zX {x,y) GPSL(2, C) 

is holomorphic. 

Moreover, if X n — > X on a neighbourhood of [x,y], then u\ n — > «a 
in £>(C;PSL(2, C)). 

Proof : The statement is obvious when A is a finite lamination. On the other 
hand, for every A there exists a sequence of standard approximations A ra . Now 
it is not hard to see that u\ n converges to u\ in the compact-open topology of 
C°(C;PSL(2, C)). Since uniform limit of holomorphic functions is holomorphic 
the first statement is achieved. The same argument proves the last part of the 
lemma. 

■ 

By using the lemma we can easily compute the derivative of u\ at 0. 
Notice that s((2,C) is the complexified of sl(2,R) that is 

«t(2,C) = *I(2, R) e isl(2, R) . 

Now if I is an oriented geodesic denote by X(l) G sl(2, R) the unitary generator of 
positive translations along I. It is not hard to show that iX(l)/2 is the standard 
generator of positive rotation around /. Thus if A is a finite lamination and 
h, . . . , l n are the geodesies between x and y with respective weights a±, . . . , a n G C 
we have that 

dE zX (x,y) 1 

z — |o ~ 2 2^ ai 1 ■ 

1=1 

The following statement is a corollary of this formula and Lemma f7.2l 

Proposition 7.3 IfX = (C,fi) is a complex-valued measured geodesic lamination 
and x, y are fixed points in M 2 then 

^^lh=U X(i)Mi) (16) 

where X(t) is so defined: 

J X(t) = X{1) if t G C and I is the leaf through t 
\ X(t) = otherwise . 
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Now we can compute the derivative of pi at 0. There exists a canonical linear 
isometry between s[(2, R), endowed with its killing form, and the Minkowsky 
space (R 3 , (•,•)). In particular, if / is an oriented geodesic with end-points x~, x + , 
then that identification takes X(l) to the unit spacelike vector v £ X orthogonal 
to I such that x~ ,x + ,v form a positive basis of R 3 . 

Corollary 7.4 The derivative of p\ x at is an imaginary cocycle in 

Hi d (r, 5 [(2,C)) =Hi d (r, 5 [(2,M))©ffl^(r, S [(2,M)) . 
Moreover, up to the identification of sl(2, R) with R 3 we have that 

P(0) = \rx 

where r\ £ H 1 (r,IR 3 ) is the translation part of fx- 



In the same way we have the following statement 

Corollary 7.5 The derivative of at t = is a pair of cocycles (r— ,r + ) £ 
H 1 (r, sl(2, R)) © H 1 (r, sl(2, R)). In particular, if T\ is the translation part of f\, 
then 

1 



Derivatives of the spectra Let us denote by C the set of conjugacy classes 
of elements of the group V. For every k — 0, ±1, we want to associate to certain 
elements [7] £ C two numerical "characters" £\((y)) and Ailil)- 

First consider k = 0. If [7] £ C is a class of isometries of H 2 of hyperbolic 
type (we simply say that [7] is a hyperbolic element), then define ^(([7]}) to be 
the translation length of 7. -M°([7]) was introduced by Margulis in [2*0] . Denote 
by r £ Z 1 (r,R 3 ) the translation part of fx (obtained by fixing a base point 
x £ H 2 ). Denote by X £ sl(2, R) the unit positive generator of the hyperbolic 
group containing 7. Let v £ M 3 be, as above, the corresponding point in the 
Minkowsky space. Then we have 

M x(([y])) = (v,T(l)) ■ 
It is not hard to see that Ai\ is well defined. 
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Suppose now k — 1. Take [7] such that Pa (7) is hyperbolic. In this case 
^(([7])) is the length of the simple closed geodesic c in H 3 /p A (7). On the other 
hand -Ma([7]) G [— n, ir] is the angle formed by a tangent vector v orthogonal to 
c at a point x E c C H 3 /p A (7) with the vector obtained by the parallel transport 
of v along c. By making computation we have that 

In particular it follows that p A (7) is conjugated to an element of PSL(2,~R) if 
and only if .M A ([ 7 ]) = 0. 

Finally suppose k = — 1. It is not hard to see that if 7 is a hyperbolic 
transformation, then Pa (7) is a pair of hyperbolic transformations too (in fact 
by choosing the base point on the axis of 7 we have that the axis of (3-(xo, 7^0) 
intersects the axis of 7). Thus if we put Pa(7) = (p-(t), Ph-(t)) there are exactly 
two spacelike lines /_,/+ fixed by pa (7). Namely l + has endpoints 

p_ = (xI,Xr) , p+ = (xt,x%) 

and I- has endpoints 

Q- = ( X L' X r) > 9+ = { x l> x r) 

where (resp. x^) are the fixed points of P-(7) (resp. p + (7)). Orient l + (resp. 

/_) from p_ towards p + (resp. from q_ towards q + ). If m, n are the translation 

lengths of p_(7) and p+(7) then it is not hard to see that Pa (7) acts on l + by 

m + n 

a positive translation of length equal to — - — and on /_ by a translation of a 
— jyi 

length equal to . Thus let us define 



2 



_ lr n — m 



Proposition 7.6 If ^7 is a hyperbolic element of T then there exists t < 1 suf- 
ficiently small such that plx(l) is hyperbolic for s < t. Moreover the following 
formulas hold 

i»B |o = 

^%^I. = a«(H). 
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Proof : For k = the statement is trivial. 

Suppose k = 1. Denote by B t the cocycle associated to the lamination X t 



By deriving at we obtain 

itr(iX( 7 )7) = sh m-r])/2)(t\b])\o + iM'Mlo) 

where Xfr) is the element of st(2,R) corresponding to r(7) G M 3 (where r is the 
is the translation part of f\ ). Now if Y e sl(2,R) is the unit generator of the 
hyperbolic group containing 7 we have 

7 = ch(£([7])/2)/ + sh(£([ 7 ])/2)r . 

Thus we obtain 

^ 1 ([7])|o + ^ 1 ([7])|o = ^-M°([7]) • 
An analogous computation shows the same result in the case k = — 1. 



7.2 More cocompact case 

About (U^-)* Let us assume now that F is cocompact, so that F = HI 2 /T is 
compact of genus g > 2. With the notations of Subsection 16.71 we have also the 
family of AdS spacetimes 

i U t\Y = U \\ ■ 

We want to determine the derivative at t = of this family. Remind (see Section 
EJ) that in such a case the set of T-invariant measured lamination has a natural 
M-linear structure, so it makes sense to consider —A. We have (the meaning of 
the notations is as above) 



Proposition 7.7 



lim -UZ, 1 = U\ 

t-*o t * 



Proof : Let (p' t , p") be the holonomy of . Denote by F t * the quotient of 
the past boundary of K tx by (p' t ,p"). Notice that is a measured geodesic 
lamination on F*. We claim that (F£, \* t /t) converges to (F, —A) in T g x AiC g as 
t — > 0. Let us show first how this claim implies the proposition. We can choose 
a family of developing maps 

Df.FxR^ U\ lt C X 
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such that D t converges to a developing map D of U°_ A = U° A / /_a as t — > 0. 
Denote by k t the flat Lorentzian metric onFxR corresponding to the developing 
map D t . We have that k t converges to k as t — > 0. Moreover, if T t denotes the 
cosmological time onFxl induced by D t , then T t converges to T in C 1 (F x M) 
as t — > 0. Now, as in the proof of Proposition 17. 1[ we have that V\* is obtained 
by a Wick Rotation directed by the gradient of T t with rescaling functions 

a (i + (myy ' p 1 + (my ■ 

Thus we easily obtain the statement. 

In order to prove the claim, first we will show that the set {(F t *, X*/t)\t £ [0, 1]} 
is pre-compact in T g x AiC g , and then we will see that the only possible limit of 
a sequence (F* n , X* n /t n ) is (F, - A). 

We have seen that F' t = M 2 /p' t {T) (resp. F" = H 2 /p"(r)) is obtained by a 
right (resp. left) earthquake on F = H 2 /Y with shearing measured lamination 
equal to tX. Thus, if X' t is the measured geodesic lamination of F[ corresponding 
to tX via the canonical identification of AiC(F) with AiC(F^), we have that F" 
is obtained by a left earthquake on F[ along 2Aj . 

On the other hand let (Ajf)' be the measured geodesic lamination on F[ such 
that the right earthquake along it sends F[ on F". Then we know that the 
quotient F* of the past boundary of the convex core K t \ is obtained by a right 
earthquake along F[ with shearing lamination (AjT)'. Moreover, the bending locus 
A* is the lamination on F* corresponding to 2(A*)'. 

Clearly F t * runs in a compact set of T g as t runs in [0, 1]. In order to prove that 
the family {(F^,X*/t)\t £ [0,1]} is pre-compact we will use some classical facts 
about T g . For the sake of clearness we will remind them, referring to [231211 for 
details. 

Denote by C the set of conjugacy classes of T. For A £ A4£(S) we denote by 
t-y(A) the total mass of the closed geodesic curve corresponding to [7] with respect 
to the transverse measure given by A. The following facts are well-known. 

1. Two geodesic laminations A on S and A' on S' are identified by the canonical 
identification A4C(S) — ► M.C(S') if and only if t 7 (X) = t 7 (X') for every 
[7] £ C. 

2. A sequence (F n ,X n ) converges to (FocAoo) in 7^ x M.C g if and only if 
F n — > and t 7 (A„) — >■ t 7 (Aoo) for every [7] £ C. 

3. A subset {(F, Aj)}i 6 / of T g x M.L g is pre-compact if and only if the base 
points {Fj} runs in a compact set of T g and for every [7] £ C there exists a 
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constant C > such that 

Ly(Xi) < C for every i G I. 

Clearly we have F* — > F as t —>■ 0. Thus in order to show that (Ft, A£) is 
pre-compact it is sufficient to find for every [7] G C a constant C > such that 

h (X* t ) < Ct 

for every t G [0,1]. 

The following lemma gives the estimate we need. 

Lemma 7.8 For every compact set K C H 2 i/iere exists a constant C > which 
satisfies the following statement. 

If X is a measured geodesic lamination on H 2 and (3 is the right cocycle asso- 
ciated to X then 

I \(3(x, y )-Id+l [ X x (u)dX\ I < e MX ^ - 1 - MX(x, y) 
where X\(u) is defined as in < f7^)) and x,y G K. 

Proof : It is sufficient to prove the lemma when A is simplicial. In this case denote 
by ii,...,Zjy the geodesies meeting the segment [x,y] with respective weights 
ax, ... , On- If Xi G sl(2, R) is the unitary infinitesimal generator of the positive 
translation along U we have 

(3(x, y) = exp(— aiXi/2) o exp(— a 2 X 2 /2) o • • • o exp(— a N X N /2) . 
Thus P(x, y) is a real analytic function of ai, . . . , a n . If we write 

Pfav) = ^A n (ai, ...,a n ) 

n 

where A n is a matrix- valued homogenous polynomial in x±, . . . ,x n of degree n, 
then it is not difficult to see that 

N 

IKH < (53^11^11)7"! . 

8=1 

We have that 

P(x, y)-Id+- I X x (u)dX = ^2 A n (a>i, •■•,%) 

1 J[*,V\ i>2 
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Since the axes of trasformations generated by X{ cut K, there exists a constant 
M > (depending only on K) such that < M. Thus 

\\P(x,y)-Id+ \ [ X x (u)dX\\ <e M ^>' -1-lVfl, . 



Let us go back to the proof of Proposition 17.71 . Since t 7 (A£) = t 7 ((A*)'), we 
can replace A^ with (A^)'. Now let us put 74 = p' t (j). We know that 74 is a 
different iable path in PSL(2, R) such that 70 = 7 and 



i(U) = 4 / A»dA(„) 

[x,-y(x)] 



2 



where is defined as in On the other hand, if (3 t is the right cocycle 

associated to the measured geodesic lamination (X*)' t we have 

where (3 t \ is the left cocycle associated to tX. Thus {3 t (x,"/t x ) is a differentiable 
path and 

lim A(*,7**)-/d = r x{u)dX ^ (17) 

By using Lemma 17.81 it is not hard to show that there exists a constant C > 
depending only on 7 such that 

||A0r,7^) -Id||> i|| I X(u)dX* t \\-C h ((X* t )')2. 

^ J[x,-ytx] 

On the other hand, there exists a constant L > such tah 



X(V)dA*|| > L\ j X{u)dX* t \ 

where | • | denotes the Lorentzian norm of sl(2, R). Since X(u) are generators of 
hyperbolic transformations with disjoint axes pointing in the same direction, the 
following inequality holds 

V (X(u), X(v))2 > r)(X(u),X(u))r)(X(v),X(v)) > 

and implies 

II j x(u)d(x;y\\>L h ((x;y) . 

J[x,-y t x] 

From this inequality we easily obtain that 

(L-CX*(x, lt x)) h ((X*)') < \\p t (x, lt x)-Id\\ . 
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Thus X*(x, Jtx) converges to 0. Moreveover, by dividing by t the last inequal- 
ity we obtain that Xl(x,j t x)/t is bounded. In particular we have proved that 
{{F t , AJ*)} is pre-compact in T g x M.C g . 

Now, let us set \i t = X* t /t and fjf t = (X*)' t /t. We have to show that if \i tri — > yUoo 
then /Zoo = —A in MC(F). 

Notice that /jf t is convergent and its limit is fi^. Applying lemma we get 



Till now we have derived infinitesimal information at t — 0. For what concerns 
the behaviour along a ray for big t, let us make a qualitative remark. 

We have noticed that, for every t > 0, -W° A = Ul. Moreover, the flat space- 
times IA® X are n i ce convex domains in Xo which vary continously and tamely with 
t. So, in the flat case, apparently nothing of qualitatively new does happen when 
t > varies. Similarly, this holds also for V t \ C U^ x . On the other hand, radical 
qualitative changes do occur for M t \ (and U\y) when t varies. As A is T-invariant 
for the cocompact group T, when t is small enough M t is in fact the universal 
covering of an end Mt of a quasi- Fuchsian complete hyperbolic 3-manifold, Y t 
say. In particular, the developing map is an embedding. When t grows up, we 
find a first value to such that we are no longer in the quasi-Fuchsian region, and 
for bigger t the developing map becomes more and more "wild" . We believe that 
this different behaviour along a ray is conceptually important. It substantially 
supports the conception of 3D gravity as an unitary body: looking only at the 
flat Lorentzian sector, for example, significant critical phenomena should be lost; 
on the other hand, one could consider the WR as a kind of "normalization" of 
the hyperbolic developing map. We believe that this should be useful in studying 
ending invariants of hyperbolic 3-manifolds. 

Anyway, we give here a first simple application of these qualitative consider- 
ations. 

Assume that we are in the quasi-Fuchsian region. So we have associated to 
tX three ordered pairs of elements of the Teichmiiller space T g . These are: 

- the "Bers parameter" (-B t + , Bf) given by the conformal structure underlying 
the projective asymptotic structures of the two ends of Y t ; 

- the hyperbolic structures (C t + ,C t ~) of the boundary components of the hy- 
perbolic convex core of Y t ; 





XdX and this shows that \i, 



A. 
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- the hyperbolic structures (K*,K t ) of the future and past boundary com- 
ponents of the AdS convex core of . 

It is natural to inquire about the relationship between these pairs. 

By construction we have that is isometric to C t + . On the other hand 
by a Sullivan's Theorem (see we have that the Teichmiiller distance of B t 
from Cf is less than 2. Now it is natural to ask whether Cf is isometric to Kf . 
Actually it is not hard to show that those spaces generally are not isometric. 
In fact let us fix a lamination A and let to > be the first time such that the 
representation p] oX is not quasi-Fuchsian. By Bers Theorem (c.f. again [IB ) we 
know that the family {{Bf , B~j~) &T g x T g } is not compact. Since Bf converges 
to a conformal structure as t goes to to we have that {Bf} t < to is a divergent 
family in T g . By Sullivan's Theorem we have that Cf is divergent too. On the 
other hand is a pre-compact family. It follows that in general is not 
isometric to . 



8 Examples 

In this section we show some examples that illustrate the results obtained in this 
paper. Most of the following considerations apply to any non-compact hyperbolic 
surface F = H 2 /Y of finite area, endowed with an ideal tringulation. However, 
we are going to focus the simplest example, that is F = W 2 /Y the three-punctured 
sphere. Some features of this example have been sketched also in [2H1 12*3] . 

It is well known that F is rigid, that is the corresponding Teichmiiller space 
is reduced to one point. Hence, F has no measured geodesic laminations with 
compact support. 

F can be obtained by gluing two geodesic ideal triangles along their edges 
as follows. In any ideal triangle there exists a unique point (the " barycenter" ) 
that is equidistant from the edges. In any edge there exists a unique point that 
realizes the distance of the edge from the barycenter. Such a point is called the 
mid-point of the edge. Now the isometric gluing is fixed by requiring that mid- 
points of glued edges matches (and that the so obtained surface is topologically 
a three-punctured sphere - by a different pattern of identifications we can obtain 
a 1-punctured torus). It is easy to see that the resulting hyperbolic structure is 
complete, with a cusp for any puncture, and equipped by construction with an 
ideal triangulation. 

The three edges of this triangulation form a geodesic lamination £p of F. A 
transverse measure fip = /iF(ai, a 2 , a 3 ) on such a lamination consists in giving 
each edge a positive weight cij. The ideal triangles in F lift to a tesselation of the 
universal cover H 2 by ideal triangles. The 1-skeleton C of such a tesselation is 
the pull-back of Cf', a measure /ip lifts to a T- invariant measure /i on C. So, we 
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will consider the r-invariant measured laminations A = on H 2 that arise 

in this way. 

Blind flat Lorentzian holonomy Varying the weights a i; we get a 3-parameters 
family of flat spacetimes W° = K\( ax , a2 , az )-i with associated quotient spacetimes 

= U®/f\(T), where f\(T) denotes the flat Lorentzian holonomy (Section OJ. 

The spacetimes lA^ have homeomorphic initial singularities A topological 
model for them is given by the simplicial tree (with 3-valent vertices) which forms 
the 1-skeleton of the cell decomposition of H 2 dual to the above tesselation by 
ideal triangles. The length-space metric of each £a is determined by the fact that 
each edge of the tree is a geodesic arc of length equal to the weight of its dual 
edge of the triangular tesselation. In fact, every £a is realized as a spacelike tree 
embedded into the frontier of W° in the Minkowski space, and /a CO acts on it by 
isometry. 

The behaviour of the asymptotic states of the cosmological time of each U®, 
is formally the same as in the cocompact case (see the end of Section^. In 
particular, when a — > 0, then action of f\(T) on the level surface U\(a) converges 
to action on the initial singularity Ea- The marked length spectrum of U\(a) 
(which coincides with the minimal deplacement marked spectrum of the action 
of fx(T) on U\(a)), converges to the minimal deplacement marked spectrum of 
the isometric action on the initial singularity. If 7$ i = 1,2,3 are (the conjugacy 
classes of) the parabolic elements of T corresponding to the three cusps of F, 
the last spectrum takes values 7$ — > a* + a i+ i, where we are assuming that the 
edges of the ideal triangulation of F with weigths aj and Oj + i enter the ith-cusp, 
04 = a,\. By the way, this implies that these spacetimes are not isometric each 
other. 

However, it follows from 3j that: 

(1) The flat Lorentzian holonomies f\(T) are all conjugate (by ISOo(Ko)) to 
their common linear part T. 

(2) There are non trivial classes in if 1 (r,R 3 ) that are not realized by any flat 
spacetime having V as linear holonomy. 

Hence, the flat Lorentzian holonomy is completely blind in this case, and, on the 
other hand, the non trivial algebraic JS , Oo(X )-extensions of V are not correlated 
to the geometry of any spacetime. Apparently this is a completely different 
behaviour with respect to the cocompact case (see Section EJ). 

Remarks 8.1 (1) The above facts would indicate that the currently claimed 
equivalence between the classical formulation of 3D gravity in terms of Einstein 
action on metrics, and the formulation via Chern-Simons actions on connections 
(see [30J), should be managed instead very carefully outside the cocompact T- 
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invariant range (see j2Ij for similar considerations about flat spacetimes with 
particles). 

(2) Every IA\ can be embedded in a T-invariant way in the static spacetime 
J + (0) as the following construction shows (this is the geometric meaning of point 
(1) above) : Up to conjugating fx by an ismoetry of Iso(X ) we can suppose 

fx (7) = 7 for every 7 G 17 We want to prove that IA\ is contained in I + (0). 
By contradiction suppose there exists x G IA\ outside the future of 0. Since IA\ 
is future complete l + (x) D <9I + (0) is contained in IA\. But we know there is no 
open set of 9I + (0) such that the action of Y on it is free. Thus we obtain a 
contradiction. 

There is a geometric way to recognize such domains inside I + (0). Take a V- 
invariant set of horocircle {B n } in H 2 centred to points corresponding to cusps. 
We know that every horocircle B n is the intersection of H 2 with an affine null 
plane orthogonal to the null-direction corresponding to the center of B n . Now it 
is not difficult to see that the set 

n = {Ji + (p n ) 

is a regular domain invariant by 17 This is clear if B n are sufficientely small (in 
that case we have that Vt fl H 2 7^ 0). For the general case denote by B n (a) the 
intersection of P n with the surface aM 2 . Then the map 

/ fl :aH 2 9xK x/a G H 2 

sends B n (a) to a horocircle B n (a) smaller and smaller as a increases. It follows 
that Vl fl aM 2 7^ for a >> 0. Since a regular domain is the intersection of the 
future of its null-support planes it follows that every IA\ can be obtained in this 
way. 

Earthquake failure and broken T-symmetry Here we adopt the notations 
of Section 

Earthquake failure. It was already remarked in [2H] that A produces neither 
left nor right earthquake. Nevertheless, the representations pl— and p + are 
discrete. Both the limit set A_ of p_ and A + of p + ) are Cantor sets such that 
both quotients of the respective convex hulls are isometric to a same hyperbolic 
pant with totally geodesic boundary IIa. If 7« is as above, then we have that 
p_(7i) and p+(7i) are hyperbolic transformations corresponding to the holonomy 
of a boundary component of IIa, with translation length equal to a« + Oi+i. 

Thus p_ and p + are conjugated in PSL(2, M). The above remarks imply that 
there exists a spacelike plane P in X_x containing A_ x A + . It follows that for any 
sequences (x n ) G <9X_i and (8 n ) G T the accumulation points of the set {p(S n )x n } 
are contained in P. 
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Figure 10: On the left the lamination £ with its dual spine. On the right the bending 
of H 2 along A in X_i. Grey regions are null components of the past boundary of K\. 

Broken T -symmetry. Consider now the bending of H 2 along A. The key point 
is to describe the curve c\, that is the curve at infinity of U^ 1 . 

Take a point x E dS 1 that is vertices of a triangle T of A. The point x 
corresponds to a puncture of F so there is a parabolic transformation ( G T 
conjugated to one 7$ that fixes x. Moreover, we can choose ( in such a way that 
it is conjugated to a translation z 1— > z + a with a > in PSL(2,M). It is not 
hard to see that the point /3-(xq, x)x is the attractive fixed point of p_(C) whereas 
(3 + (xo,x) is the repulsive fixed point of p+(C)- 

Choose an edge Iq of T with end-point at x, and let yo be the end-point of Iq 
different of x. We have that T n = ip\(( n (T)) is a totally geodesic ideal triangle 
embedded in the surfaces ^(HT 2 ). If we take z e T, it is easy to see that a vertices 
of T n is the point u n = (3(x , ( n x)(( n y , CUo)- Then, a simple computation shows 
that 

u n = (p-(C), P+(C))((3-(x ,x)y , (3 + (x ,x)y ). 

Thus we have that c n converges to the point Uoo = (x^ ((), x~^(()) where x^(() and 
x r(C) are respectively the attractive fixed points of P-(C) an d p+(C)> that is to a 
point in c\. By exchanging ( with we see that the point Voo = (x^ ((), x^Q) 
lies in c\. By looking at the image of T through ip\ we easily see that the point 
u = ( x l(0i x r(() = (P-(xo, x)x, (3 + (xo, x)x) lies in c\. Since c\ is achronal and 
u and are in the same left leaf, it follows that the future directed segment on 
the left leaf from towards u is contained in c\. In the same way we have that 
the future directed segment on the right leaf from towards u is contained in 
c\. 
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Notice that Uoo and Voo are the vertices of a boundary component of the convex 
hull H of Al x Ar in P. Now take a boundary component / of H oriented in 
the natural way and let w_ and u + be its vertices. Then the left leaf through w_ 
and the right leaf through u + meet each other at a point u\. The future directed 
segments from u± towards u in the respective leaves is contained in c\. Denote 
by Vi the union of such segments. We have that the union of VJ, for I varying in 
the boundary components of H, is contained in c\. But it is not hard to see that 
its closure is a closed path so that c\ coincides with it. 

Since the description of the curve c\ is quite simple we can describe also the 
past boundary d_K of the convex hull of C\, i.e. of the AdS convex core of IA^ 1 . 
Notice that P is the unique spacelike support plane touching d-K. Then for 
every component I of H, there exists a unique null support plane Pi with dual 
point at ui. Thus we have that d-K is the union of H and an infinite number 
of null half-planes, each attached to a boundary component of H. It follows that 
d-K is not complete. 

It is not hard to verify that also (U^ 1 )* has canonical cosmo logical time T*, 
which passes to the quotient spacetime (14— 1a)*- A level surface lA^ l (a), a < 
re / 2, of the quotient spacetime is isometric to the surface obtained by rescaling 
the metric on the pant IT a by a factor sin a, and attaching to every boundary 
components a infinite Euclidean cylinders. By using the results of jSj, we can 
say that the future singularity of U^ 1 is "censured" by three (static) BZT black 
holes. 

Rescaling and WR. The (T-invariant) formulas of the (inverse of) canonical 
rescaling of Sectional apply to (U^ 1 )* with its cosmo logical time T*, and produce 
a flat regular domain (ZY°)* in X . The above pant II a is the convex core C = 
C(F') of the complete hyperbolic surface of infinite area F' = H 2 /r', where 
r' = pi — Pr does not contain any parabolic element. IIa lifts to an ideal convex 
domain C in H 2 (i.e. the convex hull of the limit set Ap C S^). It is not hard to 
verify that C is the image of the Gauss map of (Ul)*. In fact (Ul)* is obtained 
by formally giving each boundary component of C the weight +oo, hence the 
same weight is given each geodesic line in the boundary of C. Then, we can 
adapt the constructions of Section El More precisely, let be the Gauss map of 
the static flat regular domain; then each level surface of the cosmological time of 
(W°)* is obtained by taking the intersection with A^ _1 (C) of the corresponding 
level surface of the static spacetime, and glueing to each so obtained boundary 
component an infinite Euclidean half-plane. It is clear that such a spacetime can 
be considered as the limit, when t — > +oo, of U t \i, where A' is the T'-invariant 
lamination having as support the boundary of C and we give the weight 1 each 
leaf of A'. 

The WR formulas of Section 0] apply to (U®)* and one shows that the comple- 
tion of the resulting hyperbolic 3-manifold is a handlebody, quotient of a Schottky 
group (we refer to [H] for more details about similar examples). 
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